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Riassunto

In questo quaderno si tratta la risoluzione numerica di un’equazione stazionaria di reazione e diffusione
non lineare in un dominio bidimensionale.
Quando si discretizza, con il metodo alle differenze finite o agli elementi finiti, ’equazione differenziale
di reazione e diffusione soggetta a condizioni al bordo di Dirichlet, si ottiene un sistema di equazioni
algebriche non lineari. Nel caso della discretizzazione con differenze finite, la matrice che proviene dalla
discretizzazione dei termini di diffusione e di convezione soddisfa proprieta di monotonicita.
Questo quaderno ¢ diviso in due parti (capitoli): la prima parte riguarda la risoluzione di un’equazione di
reazione e diffusione debolmente non lineare mentre la seconda parte riguarda la soluzione di un’equazione
di reazione e diffusione fortemente non lineare. La soluzione di questa ultima equazione ¢ calcolata
mediante una procedura iterativa ben nota, detta LDFI, che “ritarda” la parte diffusiva dell’equazione.
Nella prima parte il sistema algebrico debolmente non lineare che proviene dalla discretizzazione
dell’equazione di reazione e diffusione e risolto mediante il metodo di Newton semplificato combinato con
il metodo della Media Aritmetica che & un metodo iterativo per la risoluzione di sistemi lineari sparsi di
grandi dimensioni particolarmente adatto per calcolatori con architetture parallele. Questo processo di
iterazione interna/esterna si pud descrivere come un metodo iterativo a due stadi. Nel quaderno sono
riportati risultati di convergenza globale e monotona del metodo iterativo a due stadi.
Infine, esperimenti numerici mostrano efficienza del metodo iterativo a due stadi, specialmente quando
il termine convettivo & fortemente dominante, confermando ben noti risultati ottenuti per il caso lineare.
Nella seconda parte si analizza la procedura LDFI (Lagged Diffusivity Functional Iteration) per la
risoluzione dell’equazione di reazione e diffusione nel caso fortemente non lineare.
Si considera un problema modello e si descrive una discretizzazione con un metodo alle differenze finite.
Si dimostrano alcune proprieta dell’operatore alle differenze finite.
Inoltre, sono fornite condizioni sufficienti per la convergenza della procedura LDFI ad una soluzione
dell’equazione di reazione e diffusione. Il sistema algebrico debolmente non lineare che si deve risolvere
ad ogni passo della procedura LDFI, viene risolto con il metodo di Newton semplificato combinato con il
metodo della Media Aritmetica.
Studi numerici mostrano 'efficienza della procedura LDFT combinato con il metodo di Newton semplificato-
Media Aritmetica. Migliori prestazioni si ottengono quando il termine convettivo & dominante rispetto
al termine diffusivo, in accordo con il caso lineare e debolmente non lineare del problema di reazione e
diffusione.



Abstract

This report concerns with the numerical solution of nonlinear reaction diffusion equations at the steady
state in a two dimensional bounded domain supplemented by suitable boundary conditions. When we
use finite differences or finite element discretizations, the nonlinear diffusion equation subject to Dirichlet
boundary conditions can be transcribed into a nonlinear system of algebraic equations. In the case of
finite differences, the matrix that arises from the discretization of the diffusion (and/or convection) term
satisfies properties of monotonicity.

This report is divided into two parts (chapters): the first part deals with the solution of a weakly nonlinear
reaction diffusion equation while in the second part, the solution of a strongly nonlinear reaction diffusion
equation is computed by an iterative procedure that “lags” the diffusion term. This procedure is called
Lagged Diffusivity Functional Iteration (LDFI)-procedure.

In the first part the weakly nonlinear algebraic system arising from the discretization is solved by a
simplified Newton method comkbined with the Arithmetic Mean method that is an iterative method,
suited for parallel computers, for the solution of large sparse linear systems. This inner-outer iteration
process gives a two-stage iterative method.

Results concerning the global and monotone convergence for the two-stage iterative method have been
reported.

Furthermore, numerical experiments show the efficiency of the two-stage iterative method, especially for
a dominant convection term, confirming the well known results for the linear case.

In the second part the LDFI-procedure for the solution of the strongly nonlinear reaction diffusion
equation is analyzed.

A model problem is considered and a finite difference discretization for that model problem is described.
Furthermore, in the report, properties of the finite difference operator are proved.

Then, sufficient conditions for the convergence of the LDFI-procedure are given. At each stage of
the LDFI-procedure a weakly nonlinear algebraic system has to be solved and the simplified Newton-
Arithmetic Mean method is used.

Numerical studies show the efficiency for different test functions of the LDFI-procedure combined with
the simplified Newton-Arithmetic Mean method. Better result are obtained for dominant convection
coeflicients according with the linear and the weakly nonlinear cases.
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Chapter 1

1.1 Statement of the problem

A large class of relevant problems in Science and Engineering governed by reaction and diffusion processes
is set up by time dependent and time independent nonlinear partial differential equations.

For example, when the reaction diffusion process reaches a steady state in a two dimensional bounded
diffusion medium, we must solve an equation of the form

—div(oVyp) + 0 - Vo + ap + g(z,y, ) = s(z,y) (1.1)

where ¢ = p(z,y) is the density function at the point (x,y) of a diffusion medium 2, o0 = o(x,y) > 0 is
the diffusion coefficient or diffusivity and is dependent on the solution ¢, @ = a(x,y) > 0 is the absorption
term, ¥ = ¥(x,y, ¢) is the velocity vector, —g(x,y, ) is the rate of change due to a reaction and s(z,y)
is the source term.

In the equation (1.1) the convection term @ - Vi has been taken into account; however, we will consider
only problems for which convection is not dominated.

Equation (1.1) is supplemented by suitable boundary conditions on the contour I' of Q. The appropriate
condition on the boundary depends on the physical mechanism surrounding the diffusion medium.

We assume that (1.1) has an isolated solution.

Subsequently, we report the associate expression of g = g(¢) in (1.1) for some nonlinear reaction diffusion
problems.

1. Spatially distributed communities models ([6]):

2
ap
g\p) = a>0,b>0
@ =ry
or
g(p) = aplog(l + ¢) a>0

2. Enzyme-substrate reaction model ([25], [30]):

ap
S b>0
9(») ) a

3. Fischer’s population growth model ([30], [34]):

9(p) = —ap(b = cp) a,b,c>0
or
9(p) = —ap(p - 0)(1 - ¢) a>0, 0<60<1
4. Budworm population dynamics model ([30]):

2

1+ ¢?

14
g(@): —Tsﬁ(l—g) Taq>07
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5. Molecular interaction model ([36]):

g(p) = ¢

6. Chemical reaction model ([1]):
9(p) = —alc — @)el /1D a,b,¢ >0
7. Ginzburg-Landau oscillating BZ reaction model ([22], [26])

9(p) = —ap(l - ¢*) a>0
and ([7])
g(p) = —¢*(1-¢)
8. Radiation model:
g(p) = be? beR,a>0
In thermal ignition and combustion problems we have b < 0 and a > 0 (e.g. [34], [35]).
In Bratu eigenvalue problem we have g(p) = Xe?® (e.g. [5], [29], [23]).

9. A nonlinear oscillator in an eigenvalue problem ([38])

9(p) = —Asing

There is a huge amount of literature concerning the numerical solution of these initial and boundary
value problems. When (2 is a two—three dimensional domain, these problems belong to the class of
very large scientific computing problems for which the use of computers with parallel architecture is
appropriate.

By introducing a suitable finite difference discretization scheme (see, e.g. [40, Chap. 6]), the elliptic
equation (1.1) supplemented by a Dirichlet boundary condition can be transcribed into a weakly nonlinear
system of difference equations of the form

F(u)=Au+G(u) —s=0 (1.2)

where u = (u1,uz,...,u,)T is a vector in R", A is a large n x n nonsingular matrix with a sparse
structure, and G(u) is a continuously differentiable diagonal mapping, i.e., a nonlinear mapping whose
i—th component G; is a function of only the ¢-th variable u; for ¢ = 1,...,n; s is a vector of n components
independent of w.

Here, the vector u € R™ is the approximation of ¢(z,y) on a grid of points €}, superimposed on the
domain Q. The matrix A, with elements a;;, 7,7 = 1,...,n, satisfies standard assumptions for partial
difference equations of elliptic type.

Standard assumptions:

e A is a block tridiagonal matrix of order n.

The diagonal blocks are square (although not necessarily all of the same order) tridiagonal subma-
trices, and the off-diagonal blocks are diagonal submatrices.

e The matrix A is irreducibly diagonally dominant! and has positive diagonal entries and nonpositive
off-diagonal entries for all the mesh spacings sufficiently small.

e G(u) is a continuously differentiable diagonal mapping on R™ with G'(u) > 0 for all u € R™.

Thus, A is an irreducible nonsingular M—matrix? and the Jacobian matrix F’(u) = A + G'(u) is also an
irreducible M—matrix with F'(u)~! < A~ for all u € R" (see, e.g., [32, p. 109]).

We assume that system (1.2) has a solution .

1See, e.g., [40, pp. 18, 23] for definition of irreducible and irreducibly diagonally dominant matrices.
2A matrix A of order n whose elements are denoted as a;; is an M-matrix if A~1 > 0 and a;; < 0 for i # j and
i,j=1,...,n [32, p. 108].
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1.2 A two—stage iterative method

The special form and the large dimension of the matrix A in (1.2) suggest to use the simplified version of
the Newton—Arithmetic Mean method for solving system (1.2) introduced in [10] (see also [9] and [13]).
In order to define the iterative solver for system (1.2), setting an initial guess w(®), the simplified-Newton
method finds the solution Aw®) of

CAw = —F(w™®) (1.3)

for & = 0,1, ..., where the matrix C' is the Jacobian matrix of F evaluated at the point w(?, i.e.,
C = F'(w®) and

wF D = w®) 4 Aw® (1.4)

Denoting with G’(u) the Jacobian matrix of G(u) that has expression

85 (uy)

6u2

G'(u) =

and taking into account the expression of C' = A + G'(w(®)) and the expression of F(w®)), formulae
(1.3)~(1.4) are rewritten and then the vector w(*+1) is the solution of the linear system

Cw = G (w)w® — Gw™) + s (1.5)
for k=0,1,....
The system (1.5) is solved by the block version of the Arithmetic Mean (AM) method introduced in
([14]).
We consider the following decomposition of the matrix?

Cll 012
C2a1 Ca Cas
C= . . (1.6)
Cmmfl C’mm
into the two splittings
C=H,— K, =Hy,— K, (1.7)
where, if m is even
Cin Ci2
Ca1 Ca2
C33 C34
Hy = Cuz Cuy
Cm—lm—l C1’m—1m,
Cmmfl Cmm
and, consequently
Ki=H,-C
C11
Caa C23
Cs2 C33
Hy =

Cm72'mf2 Cm72m71
Cm—1m-2 Cm—1m-1
Cimm

3If we suppose that the domain € is a rectangular on the zy plane and we order the points of the grid Qj, in lexicographic
order, then m is the number of points along the y direction and each block Cj; has order p, the number of points along the
z direction (n =m - p).
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and
Ky =Hy,—-C

If m is odd, we can proceed in a similar way.

The matrices H; and H, are diagonally dominant and have diagonal positive entries and nonpositive
off-diagonal entries; K1 and K5 are two nonnegative matrices.

Thus, the simplified Newton-Arithmetic Mean method can be formulated as follows:

choose the initial guess w®, p>0

for k=0,1,..., until the convergence do

zECO) =w®

for j=1,2,...,j5kxdo

(Hy+phz1 = (K +pl)z ) + (G (@®)w® - G®) + )

(Ha + p)z2 = (Kz + pl)z ) + (G (w®)w® - Gw™) + )

L zﬁf) =5(21+ 22)

=

w* D — zfj’“)

The iteration defined by the loop over k will terminate when a suitable stopping criterion is satisfied,

e.g., ([24, p. 73]):
IF (™) < 74 + 7| F(w )] (1.9)

where 7, and 7, are prefixed absolute and relative error tolerances and || - || indicates a vector norm, e.g.
the Euclidean norm. Then w*+1) ~ 4.

Here, {jx} denotes a sequence of positive integers. The loop over j denotes the Arithmetic-Mean (AM)
method. This method is particularly well suited for implementation on vector—parallel computers.

An evaluation of the effective performance of the AM method on different parallel architectures is reported
in the papers [14], [17], [18], [19].

If we set (p > 0)

M~ = L{(Hy 4 pl) ™+ (Hy + D)) (1.10)
H o= SIH -+ pI)™ (K + pl) 4 (Hy + pI) ™ (Ko + p1)]
= I-M1'C (1.11)

at each iteration k, the Arithmetic Mean method generates for j = 1,2, ..., ji the vectors
zg) _ Hzl(cjfl) + M—l(Gl(,w(O)),w(k) _ G(w(k)) + )

Thus,
Jr—1
wh ) = Hirw®) 4 (3 HY)M (G (0w - Gw™) + 5) (1.12)
j=0
A helpful criterion that helps us to decide whether H is convergent is provided by the following theorems
([31]).
Proposition 1. Let C be a strictly or irreducibly diagonally dominant matrix with positive diagonal
entries and nonpositive off-diagonal entries. Then, the matrix M is nonsingular and the matrix H is
convergent.
Proposition 2. Let C be a strictly or irreducibly diagonally dominant symmetric matrix with positive
diagonal entries. Then, the matrix M is nonsingular and the matrix H is convergent.
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We observe that, since the expression of C' is
C=A+Gw")
setting D = G’ (w(®)), we have the splitting for A
A=C-D

Then the simplified Newton—AM method can be regarded as a two—stage iterative method for the solution
of weakly nonlinear systems ([41], [10], [2], [3], [4]).

There exist many interesting results on the convergence of the sequence {w(k)} to a solution @ of the
system of weakly nonlinear difference equations (1.2).
First, we report the result on the convergence of Newton—iterative method when the Standard Assump-
tions are satisfied.

Theorem 1. Suppose the system (1.2) F(u) = 0 has a solution & € R™; assume that Standard
Assumptions hold for u € R™ (or in an open neighbourhood K of @) and that (1.7), i.e

C=H, — K, =Hy— Ky

are two splittings of the matrix C = F/(w(®), w® € R" (or w(® € K), with the matrix H in (1.11)
convergent.

Then, for any jr > 1, the solution u is an attraction point of the simplified Newton—Arithmetic Mean
iteration {w®} defined in (1.8).

Proof. The Standard Assumptions assure that the Jacobian matrix F’(u) is continuous and nonsingular
and a monotone matrix in R” (or in K); in particular C' is a monotone matrix, C~! > 0, and H; — K;
and Hy — K3 are two weak regular splittings* of C. Thus, the matrices M ! and H of (1.10) and (1.11)
are nonnegative and H is a convergent matrix, p(H) < 1 ([32, p. 124], [31]).
By (1.11)

(I-H)C =M1

and from the identity

Jr—1
(> H))I—H)=1I-H*
j=0
we obtain
Je—1
Z H)\M (I — H*)C~!

Equation (1.12) can be written as
w1 = Hirw® 4 (1 — B0~ (w)w® — G(w®) + s)

Since G'(w®) = C — A then C'G'(w®) = I — C~' A, we have

wh = w® (1 - ) (Aw® + G(w®) - s)
Jrk—1
= wk® _ Z HHYM(Aw® + G(w®) - s)
thus,
Jr—1
w* D — Z H)YM 1 F(w®)

4A =M — N is a is a weak regular splitting of the matrix A if M is nonsingular with M~ >0 and M~'N > 0 [40, p.
95].
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is a generalized linear iteration and the proof runs as the one of 10.3.1 in [33, p. 321]. f
Furthermore, important results concerning with the global and the monotone convergence of the solver
(1.8) are obtained in [9] and [10].

Theorem 2. Let F : R” — R™ be a mapping of the form (1.2), F(u) = Au + G(u) — s, where

1. A is a a monotone matrix®, i.e., A=t > 0;

2. G : R" — R" is a positive bounded (P-bounded) mapping; i.e., there exists a nonnegative matrix
P such that
|G(u) — G(v)| < Plu—v|
for all u, v € R™ ([33, p.433])S.
Here |w| denotes the absolute value of the vector w € R”, i.e.,
)T

|’LU‘ = ("IU1|, |U)2|, ceey |wn|

3. the matrix A~!P has spectral radius less than one, i.e.,

p(A71P) < 1

4. A= C — D is a regular splitting” of the matrix A;
5. C = H; — Ky = Hy; — K5 are two weak regular splittings of the matrix C;

then, for any vector w(® and for any value j;, > 1, the sequence {'w(k)} generated by the simplified
Newton-AM method (1.8) converges to the solution @ of F(u) = 0.
Proof. Hypotheses 1. 2. and 3. imply that the mapping

d(u) = —A"(G(u) — s)

is a P—contraction ([33, p.433]), then u = ®(u) has a unique fixed point then F(u) = 0 has a unique
solution, u.

Since A = C' — D is a regular splitting we have C~! > 0 and since H; — K;, i = 1,2, are two weak regular
splittings, thus the matrices M ~1 and H of (1.10) and (1.11) are nonnegative and H is convergent, i.e.,
p(H) <1 ([32, p. 124], [31]). Also the matrix D is nonnegative.

Writing formula (1.12) for @ instead of w®*+1) and w®) we have®

Jr—1

@=H*u+ () H)M ' (Di—G(@)+s)
§=0

and subtracting this last equation from (1.12) we have

Jr—1

D) — Fpik (k) + (Z Hj)M—l(De(k) _ (G(w(k)) —G(w)))
=0

where

k) _ ~

e = ! u

5A matrix A is a monotone matrix if Az > 0 implies > 0 [21, p. 360].

6We remark that if G(u) is a P-bounded mapping then G(u) — s is also a P-bounded mapping for any vector s.
"A = M — N is a regular splitting of A if N > 0 and M is nonsingular and M~! > 0 [32, p. 119].

8Formula (1.12) defines a one-step nonstationary iterative method of the kind

wk+D) — q,k(w<k))
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Thus —
Jk—
€040] < 1] 4+ (Y H)M T (Dle)]| + [Glwh) - Gla)
§=0
Since the mapping G is P-bounded we have
|e(k+1)‘ < Sk|e(k)|

where the matrix S, is defined as

Je—1
= Ho* + Z H))M~Y(D + P)
and
S >0
Since A = C — D we have
Jr—1 Jr—1

= H* + ZHJ M~C - ZHJ Y(A-P)

and from (1.11) we have M~'C = I — H and from the identity

Je—1
(> H)I—-H)=I-H*
j=0
we obtain
Jrk—1 Je—1
Sy = H*+ ZHJ I—H) ZHJ Y(A-P)
Jr—1

= ZHJ A-P)

Since A is a monotone matrix and p(A~1P) < 1 we have that A — P is a monotone matrix, i.e., A — P
is nonsingular and (A — P)~! > 0. Indeed for the Neumann Lemma ([32, p. 26])

(A-P)' = (A0-A"'PYy'=I—-A"'P)'AT!
(I+A'"P+(AT'P) +.)A7 >0
Since the matrices Hy + pI and Hs + pI are nonsingular and (Hy + pI)~! > 0 and (Hy + pI)~* > 0 in
any row of (Hy + pI)~! and (Hs + pI)~?! there is at least one positive component; then, in any row of
M~ there is at least one positive component. This means that M ~'e > 0 where e is the vector whose

component are all equal to 1.
If z=(A— P)~le, also 2 > 0. Then ([2])

Je—1
0 < Spz=2z—( ZHJ YA-P)z
Jr—1 ‘
= z—(ZHJ)Mfle:z—E
§=0

with 2 > 0. Clearly® there exists a constant g, 0 < ¢ < 1 such that z — 2 < pz. Thus,

0< Spz <oz (1.13)

9Since z — 2 > 0 with z > 0 and 2 > 0; let ¢ be such that 0 < ¢ < 1 we have for each component i, i = 1, ...,n,
0<z —2z <oz
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Using (1.13) repeatedly, we have
etV < Sp - S—1 - ... Sole?)]

Let £ be such that
|e(0)| <&z

then we obtain
|e(k+1)| < QkJrl(fz)

that is limy_.o w® = @. i
Theorem 3. Let F : R" — R™ be a mapping of the form (1.2), F(u) = Au + G(u) — s; assume that a
solution @ of the system of equations F'(u) = 0 exists in R™ and that

1. the Jacobian matrix F'(u) = A + G’(u) is a monotone matrix for all w € R, i.e., F'(u)~! > 0;

2. G(u) is a continuously differentiable diagonal mapping on R™ and, in addition, G'(u) > 0 for all
u € R and G'(u) satisfies the isotonicity condition G'(u) < G’(v) whenever u < v;

3. let C be the matrix C' = F'(w(®)), where w(®) is a point of R" satisfying the condition F(w(®) > 0;

4. let
C=H,—Ky=Hy— K>
be two weak reagular splittings of the matrix C;

then'® the sequence {w®)} generated by the simplified Newton-AM method (1.8), starting from w(®,
with the number of iterations j; = J fixed at each stage k, satisfies

a<w*) <w®  £=01,2,.. (1.14)

Proof. By hypothesis C' is a monotone matrix, C~' > 0, and H, — K; and Hy — K, are two weak
regular splittings of C. Thus, the matrices M ~! and H of (1.10) and (1.11) are nonnegative and H is a
convergent matrix, p(H) < 1 ([32, p. 124], [31]). Also the matrix G’(w(®)) is nonnegative.
By (1.11)

(I-H)C =M1

and from the identity

J—1
(> _H)I-H)=I-H’
j=0
we obtain
J-1
O H)M™ = (I -H)C™! (1.15)
7=0
Equation (1.12) can be written as
w*) = FTw® 1 (1 — H)HYCHE (w?)w® — G(w™) + ) (1.16)
that implies
(1-0)2 <%
Thus
(1 - Q)Zmax < Zmin
we obtain

Zmax — Zmin
Q = e—
Zmax
10We remark that if A is an M-matrix and G(u) is continuously differentiable diagonal mapping on R™ with G’(w) > 0
for all w € R™ then F’(w) is an M—matrix for any w € R™ and the solution of F'(u) = 0 exists and is unique [33, p. 141].
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Since G'(w®)) = C — A then C'G'(w®) = I — C~' A, we have

wh ) = w® — (1 - B (Aw® + G(w®) — s)

J—1
— w® _ (Z HHYM Y (Aw® + G(w®) — s) (1.17)
j=0

Since @ is a solution of (1.2) and A = C' — G'(w®)) we have
Au+G@a)—s=0 = (C—-G(w)a+G@)—s=0

Thus,
@ =C G (w)a — Ga) + s)

and writing (1.16) for @ instead of w® and w**1) we have
a=C G (w)a - G@)+ s) + H (a — CHG (w )i — G(a) + s))
Subtracting this last equation from (1.16) we obtain
0t — i = 1@ — @)+ (1 - B (G ) @ — ) - Gw®) + Gla)
or for (1.17)
) e 4 (3 N E ) - (@) - G(@) (1.18)

J=0

where e®) = w®) — 4.

Using the Mean Value Theorem (e.g., [33, p. 68])
G(w(k)) —G(a) = G’(é(k))(w(k) — @) (1.19)

where €% € (@, w®) and G/(¢¥) is a diagonal matrix. By hypothesis G/ (£%)) > 0.

Since the hypotheses on the matrices H; and K;, i = 1,2, the matrix
J—1
(> H)M
§=0

is nonnegative. Furthermore, by the hypothesis F(w(®) > 0, thus, for & = 0 formula (1.17) gives

Also

Indeed,
0 < F(w) = F(w") — F(a) = F'(€")(w® -~ a)

By hypothesis F’(ﬁ(o)) is a monotone matrix, thus w(® — @ > 0.
Using (1.19) the term G/ (w(®)e®) — G(w®)) — G(@) can be rewritten for k = 0 as

¢ w)e® -G EM @ —@) = (@) - ¢E")w )

The assumption on isotonicity condition of G’ implies G (w®) — G’ (£?) > 0, since £ € (@, w®) and
@ < w®; then
(@ (w®) - G'(€E)(w® —a) >0

Thus, for k = 0, formula (1.18) gives
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Since in (1.16) j is fixed for any k, by using (1.15), we can rewrite formula (1.16) for w®) and w®*~1
J-1
w® = H k=D 4 HHYM G (wNw* Y - Gw* ) + s 1.20
( (w™) ) +8) (
§=0

Subtracting (1.16) from (1.20) we have

J—1
w® — ™ = g @D —w®) 4 (37 H)M G (w0 @) (Y — w®) -
j=0
J—1 )
- HYM H(Gw* ) - Gw™)) (1.21)
Jj=0

Since w©® > w®) we can write

G(w®) - Gw) = ¢'(E”)(w® — w)

where £ ¢ (w™,w®).
Thus, formula (1.21) for k£ = 1 becomes

J—1
w® —w® = g w® —w®)+ (S H)M
J=0

(6w ) = G E) @ —w)

Using the isotonicity condition on G’, it follows that w(® —w? > 0.
Formula (1.18) with (1.19) for k = 1 gives w® — @ > 0, since £V € (@, w®) and & (w®) > &/(¢W).
We have thus shown that

a < w?@ < w® < w(®

By induction, using formula (1.21) with
Gw* ) - Gw®) = ¢ E€" )" — w®)

where E(k_l) € (wk k=), G'(E(k_l)) < G'(w®), and formula (1.18) with (1.19), we may complete
the proof of the theorem. i

We observe that Theorem 3 holds also in the case of u € K, where K is a compact set of R™ neighbourhood
of @ and with w(©® € K.

Furthermore, we note that the hypothesis 2. on the mapping G(u) can be replaced by a condition of
one—sided positive boundedness on G.

Definition. A mapping G : R" — R” is one-sided positive bounded (one-sided P-bounded) if there
exists a nonnegative matrix P such that

0 < G(u)— G(v) < Plu—w)

for all w > v (]9]).

1.3 Numerical experiments

In this section we consider a numerical experimentation of the simplified Newton Arithmetic Mean method
for the solution on a square domain of the problem (1.1) with homogeneous Dirichlet boundary conditions
and with nonhomogeneous Dirichlet boundary conditions

o(x) = Up(x) zel (1.22)
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In the case of nonhomogeneous boundary conditions (1.22) the system (1.2) becomes
Flu)=Au+b+G(u)—s=0

where the vector b depends on the values of the solution at points of the discretization of the boundary
T.

Different functions for the nonlinearity factor g(x, ¢) have been considered and are refereed as

g53 : g(p) =500plog(1+ ¢)
951 = g(p) = 80plog(1+ ¢)
g6 : gy

gli = g(p) =
gla = g(p) = ooe0 5¢
gls : g(p)=-0. 5e%0
921+ g(p) = (1“0)
_ 1000y
922 g(@) = m
93+ glp) = —(0.4 — p)e~1¥/1FeD)
0.02¢2
g4+ g(p) = Gto)
951+ g(p) = 0.0050log(1 + )
952+ g(p) = 5plog(l+¢)
(p) =
(o) =
(p) =

(2 - ¢)
We observe that
for g11, gla: g >0, ¢’ > 0 and g” > 0 for any value of ¢;
for g2 (k=1,2): g >0 and ¢’ > 0 when ¢ > 0;
for g3: ¢ >0, ¢’ >0 and ¢g” > 0 when ¢ > 0.4;
for g4 and g5, (k=1,4): ¢ >0, ¢ >0 and g’ >0 when ¢ > 0;

and then, only for the functions g1y, gls, g4 and g5, (k =1,...,4), the conditions on g of the Theorem
3 are satisfied for ¢ > 0.

The source function s(x) is chosen in order to satisfy the system (1.2) with a prespecified exact solution
. Here the components of @ are the values of the function p(x) at the grid points €y,; different choices
for p(x) are examined.

We list different functions for the exact solution ¢(z,y) of (1.1):

el oy =(x—a)ly—a)b—2)b-y)(22°+y) a=0 b=1
QUT = [0,1] x [0,1]

Set
p(&) — f&logz(f) q(g) _ (2 _ 6)&10g2(2—5)
and
plx)-ply) 0<z<1l 0<y<l1
q(z)-ply) 1<z<2 0<y<l1
) ople)qly) 0<a<1l  1<y<?2
pl@y) = qz)-qly) l1<z<2 1<y<?2 (1.23)

0 r=0z=2 0<y<2
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then
©21 : @(x,y) asin (1.23); & =100
QUT =10,2] x [0,2]
022 @(x,y) asin (1.23); & =0.05
QUT =10,2] x [0,2]
©23 : @(z,y) asin (1.23); & = 0.005
QUT =10,2] x [0,2]
Set
PO =& O g = 29T (= (-1 +1
and
p(z)-r(y) 0O0<z<l1 0<y<?2
p(x,y) = q(x)(')r(y) (1) ; ; 2 3 y0:<0%/y<:2 (1.24)
0 r=0x=2 0<y<2
then

©31 : p(x,y) asin (1.24); & = 100
QUT =10,2] x [0,2]

©32 : @(x,y) asin (1.24); & = 0.05
QUT =10,2] x [0,2]

Furthermore we have

pd o p(my) =(1+z—y)°
QUT =[0,1] x [0,1]

We notice that the functions @1, ©21, ¢22, 23, ©3; and ¢3; are equal to zero at the points of the
boundary T'.

The functions o and « of (1.1) are taken as o(z,y) = 1 and a(z,y) = 0 or a(z,y) = (23 + y).
Different values of the terms multiplying first—order derivatives, 91 and v5, are considered.

The simplified Newton—-AM method has been implemented in a Fortran code with machine precision
2.2 x 10716, The absolute and relative tolerance for the simplified Newton method stopping criterium
(1.9) are taken equal to 1071°. The number of inner iterations ji of the Arithmetic Mean method (1.8)
is prefixed equal to 20.

In the experiments the domain 2 is a square domain and we superimpose a grid that has the number of
points along the z—axis equal to the one along the y—axis; we denote m this number. Here n = m-m and
the mesh width is h =1/(m + 1).

When |01|h < 2 and [02|h < 2, the matrix A is a irreducibly diagonally dominant M—matrix and satisfies
Standard Assumptions.

The starting vector of the method w(® is the vector whose all components are equal to 1.

In the tables, it indicates the number of iterations of the simplified Newton—AM method needed to satisfy
the stopping rule (1.9), err denotes the computed relative error in the Euclidean norm, i.e.

err = [[w™ —a//|la|
and res and res0 are the residual and the initial residual in the Euclidean norm:
res=|[F(w )| reso = ||F(w®)]|

The term 8.35(—9) indicates 8.35-1072.
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o) = o1, g(p) = gl, a(z,y) =0

01 =02=0 01 = v2 = 100
m it err res it err res
32 54 8.35(-9) 5 4.77(-12)  1.58(-
64 193 2.85(-8) ( 6 2.51(-11) 5.18(-
128 714 8.15(-8) 3.99(- 15  1.60(-10)  1.40(-
256 2665 2.28(-7) ( 55 1.15(-9) 1.98(-

o(x) = pl, glp) = gl1, afz,y) = (=° +y)
128 693 7.87(-8) 3.98(-5) 15 1.58(-10) 1.38(-5)

Table 1.1: Results for different values of m.

m =128, g(p) = gl1, a(z,y) =0

U1 =02 =0 U1 = U2 = 100

p(x) it err res it err res
o1 713 3.64(7) 3.76(5) 15 7.57(-10) 1.39(-5)
©21 612 850(-8) 9.38(-6) 9 90.15(-12) 2.81(-7)
¢2, 426 1.26(-8) 1.00(-5) 8 1.96(-11) 4.38(-6)
©25 391 4.24(-9) 3.99(-6) 8 2.17(-13) 8.48(-8)
©31 583 4.10(-8) 9.21(-6) 9  3.46(-12) 2.09(-7)
¢3, 475 1.51(-8) 9.41(-6) 9 1.23(-13) 2.02(-8)
o4 714 8.15(-8) 3.99(-5) 15 1.60(-10) 1.40(-5)

Table 1.2: Results for different values of p(x).

The experiments highlight the property of the method that it gives better results when applied to non
symmetric problems. This property also happens for the Arithmetic Mean method to linear problems.
Furthermore, we observe that when the values of the function g(¢) are rapidly increasing for 0 < ¢ < 1
or the values of the function a(z,y) increase, then the diagonal of the matrix C' in (1.3) becomes more
dominant; it implies a reduction of the number of the simplified Newton iterations.
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m =128, p(x) = ¢23, a(z,y) =0

U1 =02 =0 v1 = v2 = 100
gle) it err res it err res
gli 301  4.24(-9) 3.99(-6) 8 2.17(-13) 8.48(3)
gla 41 3.09(-10) 3.32(-6) 9 2.95(-13) 1.21(-7)
gls 789 9.28(-9) 4.10(-6) 8 2.96(-14)  1.21(-8)
921 560  6.35(-9) 4.06(-6) 8 1.05(-14) 7.81(-10)
g2: 234 248(-9) 4.06(-6) 9 8.64(-14) 4.86(-8)

g3 586  6.69(-9) 4.07(-6) 8 5.74(-15) 1.48(-10)
g4 585  6.72(-9) 4.10(-6) 8 1.10(-14) 2.03(-10)
g51 585  6.78(-9) 4.13(-6) 8 1.82(-14) 3.03(-10)
g52 281  3.04(-9) 4.08(-6) 8 6.91(-13)  2.91(-7)
g5s 9 T.24(-12) 6.59(-7) 8 1.09(-11) 3.71(-6)
g5; 36 2.82(-10) 3.49(-6) 9 1.80(-12) 8.01(-7)
g6 587  6.69(-9) 4.06(-6) 8 1.48(-13)  6.21(-8)

Table 1.3: Results for different values of g(¢p).

m =128, p(x) = 1, g(v) = gl1, a(z,y) =

01 ) it err re. res()
0 0 714 8.15(-8) 3.99(-5) 4.05(5)
10 10 254 2.41(-8) 4.02(-5)  4.06(5)
50 100 18  3.11(-10) 1.85(-5) 4.08(5)
100 50 19 2.43(-10) 1.40(-5) 4.39(5)
100 100 15 1.60(-10)  1.40(-5) 4.34(5)
257 257 7 8.73(-11) 1.70(-5) 5.68(5)
300 300 7 7.13(-13)  3.62(-7) 6.17(5)
350 350 7 1.41(-12) 1.34(-6) 6.77(5)
400 400 7 5.17(-11)  6.28(-5) 7.41(5)

Table 1.4: Results for different values of 91 and 05.

(2, y) = 921

Figure 1.1:
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Chapter 2

2.1 The lagged diffusivity functional iteration procedure
Consider a nonlinear steady state reaction diffusion equation of the form
—div(eVep) + 8- Vo + ap +g(z,y,¢) = s(z,y) (2.1)

where ¢ = p(z,y) is the density function at the point (z,y) of a diffusion medium 2, o = o(z,y,¢) > 0
is the diffusion coefficient or diffusivity and is dependent on the solution ¢, @ = a(z,y) > 0 is the
absorption term, ¥ = ¥(z,y, ) is the velocity vector, —g(z,y,¢) is the rate of change due to a reaction
and s(z,y) is the source term.

In the equation (2.1) the convection term ¥ - Vi has been taken into account; however, we will consider
only problems for which convection is not dominated.

Equation (2.1) is supplemented by suitable boundary conditions on the contour I' of Q. We assume that
(2.1) has an isolated solution.

When we use a finite difference discretization, the elliptic equation (2.1) supplemented by a Dirichlet
boundary condition can be transcribed into a strongly nonlinear system of algebraic equations of the
form

Flu)=Auwu+G(u)—s=0 (2.2)

where u = (uy,us,...,u,)7 is a vector in R", A(u) is a large n x n nonsingular matrix with a sparse
structure, and G(u) is a continuously differentiable diagonal mapping, i.e., a nonlinear mapping whose
i—th component G; is a function of only the i-th variable u; for i = 1,...,n. s is a vector of n components
independent of w.

Here, the vector u € R™ is the approximation of ¢(x,y) on a mesh of points 2 superimposed on the
domain Q.

We will investigate the solvability of the system of the nonlinear partial difference equation (2.2). We
assume that this system has a solution u*.

For solving system (2.2) the easiest and maybe the most common method is to lag part of the nonlinear
terms in (2.2) (see [39]).

Our purpose here is to re-examine the diffusivity lagged functional iteration (LDFI)—procedure for solv-
ing the system of nonlinear partial difference equations of elliptic type (2.2) in the context of Parallel
Computing.

With this iterative procedure the nonlinear system (2.2) can be solved via a sequence of systems of weakly
nonlinear difference equations where only G, but not o and @ in (2.1) depends on the approximate solution
u of .

Specifically, given a sequence of positive numbers {e, } such that e, — 0 as ¥ — 0o and an initial estimate
u(©) of the solution u* of the system (2.2), we generate a sequence of iterates {u(”)}7 v=20,1,2,..., with
the following rule for the transition from a current iteration u®) to the new iterate w(**1:

e Find an approximate solution w(**1) of the nonlinear system
F,(u)= Au)u+Gu)—s=0 (2.3)

21
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with the criterion for acceptability of the solution

1Fy (D) < €0 (2.4)

Then, the LDFI-procedure is composed by a nonlinear outer iteration that generates the sequence {u(”)}
and by an inner iterative solver of the weakly nonlinear system (2.3). This solver must be particularly
well suited for implementation on parallel computer.

The termination criterion for the outer iteration is provided by the following two inequalities

||u(”+1) _ u(u)H <n
(2.5)
|F(u )| < 7

where 7 and 75 are prespecified tolerances.

The purpose of the following three sections is to analyse the convergence of the Lagged Diffusivity
Functional Iteration (LDFI) procedure, considering the essential features of the system of nonlinear
equations generated by a finite difference discretization of a reaction—diffusion model problem.

It is important to define for this model problem the set B of all grid functions which contains the solutions
of the systems and all iterates {u(*)} of the LDFI-procedure.

For example, the model problem studied in [28] allows to present a helpful paradigm for proving the
convergence of the LDFI-procedure.

Here, we will follow this scheme.

At the beginning we summarize some properties of finite difference operators defined in B. Then, we
consider the solutions {u(”)} of the sequence of systems of weakly nonlinear difference equations generated
by introducing diffusivity lagging in the original nonlinear system. This solution {u(*)} can be computed
iteratively by the simplified version of the Newton—Arithmetic Mean method for solving weakly nonlinear
systems that is particularly suited for implementation on parallel computers ( [9], [10]; see also [2], [3],
], [41)).

Finally, we prove the convergence of these iterates {u(*)} to a solution u* of the original nonlinear system,
using well known standard techniques.

In the section of the numerical experiments the behaviour of the inner—outer iterations of the procedure
is examined. The effectiveness of the LDFI-procedure combined with the simplified Newton—AM method
is highlighted, especially, for reaction diffusion problems where also convection term is present.

2.2 A model problem

In a rectangular domain €2 with boundary I', we consider the reaction diffusion convection equation
—div(o(x,¢)Ve) + - Vo +alx)p+ g(x, ¢) = s(x) z e (2.6)
subject to the homogeneous Dirichlet boundary conditions
p(x) =0 zel (2.7)

Here, © = (#1,72)7 is the velocity vector; 91 and 7 are constants.
The functions o(x, ), a(x), s(x) and g(x, ¢) are assumed to satisfy the following “smoothness” condi-
tions:

(i) the functions o(x,¢) and g(x, ¢) are continuously differentiable in « and continuous in ¢; the func-
tions a(x) and s(x) (the “source term”) are continuous in x;

(ii) there exist two positive constants omin and omax such that
0 < Omin S U(wa@) S Omax

uniformly in « and ¢; in addition, a(x) > 0;
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(iii) for fixed & € Q, the function o(x, ¢) satisfies Lipschitz condition in ¢ with constant A (uniformly
inx), A>0;

(iv) for a fixed & € Q, the function g(x, ¢) is a uniformly monotone! mapping in ¢ with constant ¢ > 0
(uniformly in @) and is continuously differentiable in .

There exist various techniques for discretizing the problem (2.6)—(2.7). Using the Taylor series ap-
proach, equation (2.6) will be solved with the following standard finite difference scheme.

We consider € a rectangular domain (z = (z,y)?) with boundary I" and we superimpose on Q U T
a grid of points € U T'y; the set of the internal points €2, of the grid are the mesh points (z;,y;),
fori =1,...N and j = 1,..., M, with uniform mesh size h along = and y directions respectively, i.e.
Ti+1 :I‘Z+h and Yji+1 = Yj +h for i :0,...,N, ] :0,...,M.
Furthermore, at the mesh points of QUT, (z;,y;), for i =0,...,N +1 and j =0,..., M + 1, the solution
¢(z;,y;) is approximated by a grid function u;; defined on Q UT'), and vanishing on I'y,.
In order to approximate partial derivatives in (2.6) we shall make use of difference quotients of grid
functions. The forward, backward and centered difference quotients with respect to x and to y of the
grid function u,; at the mesh point (x;,y;), are, respectively:

Wity — Ui Uij1 = Ui

Nguyy = IR Ay =
J h Y=g h
uij - ui*lj uzg - ’LLZ‘]‘,1
Vet =7 Vet =

1 1
Oouij = 5 (Bouij + Vouig)  Syuij = 5(Ayuij + Vyuij)
while the centered second difference quotient with respect to x and to y can be written
§3uij = VIAIU” = Amvzu” (55’[1,” = VyAyu” = Ayvyu”

This notation was introduced in [8].
Providing a discretization error O(h?), the finite difference approximation of (2.6) in (x;,y;) is given
by

—Aq (0(2i, Y5 uij) Vauig) — Dy (0(xi, 5, uij) Vyti;) + 0102ui; + U20,ui; +
+al@i, yj)uig + g(wi, y5, i) = s(xi, y5)
that yields to
—(Bij + Bij)uij—1 — (Lij + Lij)ui—1; + (Dyj + Dij)uij — (2.8)
—(Rij + Rij)uivry — (T + Tij)uijr + 9(@i,y5, uiz) — (i, y;) =0

where the well known coefficients are: for i =1,..., N and j=1,.... M

1 1
Lij = L;j(u) = ﬁg(xivyjauij) B;; = B;j(u) = ﬁg(xiaijuij)

1 1
Ri; = Rij(u) = ﬁU(!EiH,yj,UiHj) T = Tij(u) = ﬁg(xiaijrlvuijJrl)
~ U1 ~ Vo
L= — B = — 2.9
J 2h J 2h ( )
A

D;j = Dij(u) = Bij + Lij + Rij + T Dij = a(zi,y;)

1133, p. 141] A mapping F : D C R® — R" is uniformly monotone if there exists a constant v > 0 such that for all
u,v € D we have

(F(u) = F(0))T(u—v) > 7(u—v)"(u-v)
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We denote the mesh points Py, = (z;,y;), (¢ =1,...,N,j =1,..., M) and we order the points P} in
lexicographic order: k= (j —1)- N +4i. We set n = N - M, and we denote the vector solution u whose
components are the values of the grid function at the internal mesh points

T _ T
u = (ulv"'vun) = (u117~~'»UN17U127 vy UN2, eey WM, ~~quM)

Then, formula (2.8) for i =1,..., N, j = 1,..., M, can be written as formula (2.2)
Flu)=Au)u+G(u)—s=0 (2.10)

where the matrix A(u) of order n has a block tridiagonal form. ~

The M diagonal blocks are tridiagonal matrices of order N with diagonal elements agy(u) = D;;+D;j, the
sub— and super—diagonal elements are ap_1x(w) = —(L;; +Lj) and agp4+1(u) = —(Ry; +Rij) respectively,
i=1,.,N,j=1,..,M and k = (j — 1) - N +i (here Ly, L1;, Rx; and Ryj, j = 1,..., M, are the
coefficients of the solution computed in mesh points I'y,).

The sub— and super—diagonal blocks are diagonal matrices of order N with elements ay— ni(u) = —(B;; +
Bij) and apgqn(u) = — (T35 Jrﬂj) respectively, i = 1,.... N, j=1,...,M and k = (j — 1) - N + i (here
Bi1,Bi1, Ting and Tiag, i = 1,..., N, are the coefficients of the solution computed in mesh points Ty).
Providing that the mesh spacing h is sufficiently small, i.e.

2O-min ngin}
O1] 7 |5o

h<min{

the matrix A(w) is strictly («(z,y) > 0) or irreducibly (a(z,y) = 0) diagonally dominant ([40, p. 23])
and has positive diagonal elements, a;;(u) > 0 and nonpositive off diagonal elements a;;(u) < 0,7 # 7,
with 4,7 = 1, ..., n; therefore A(u) is an M-matrix ([40, p. 91]).

In the case of reaction diffusion equation (o = 0), the matrix A(w) is also symmetric, then A(u) is
symmetric positive definite (Stieltjes matrix [40, p. 91]).

In the following, we may consider the matrix A(u) as

A(u) = Aj(u) + A+ D

where A;(u) and A are the block tridiagonal matrices containing the elements {Bij, Lij;, Dy, Rij,Tij}
and {BZ-]-, Lj, Rij, le} respectively, while the matrix D is a diagonal matrix whose diagonal entries are
{Di;}.
Furthermore, s € R™ is a vector whose components are the values of the source term s(z,y) at the mesh
points; the nonlinear mapping G(u) has components Gi(u) = g(z;,y;,ur), i =1,..., N, j=1,..., M and
k= (j—1)-N+i. We observe, that Gi(u), the k—th component of G(u), respect to the variable w,
depends of only the k—th component ug, for K = 1,...,n; in this case G is a diagonal mapping.
We observe that the right hand side of (2.10) is the null vector since we have the homogeneous Dirichlet
condition (2.7) in T".

For grid functions {u;;} and {v;;} of this type the discrete [(€2;,) inner product and norm are defined
by the formulas

N M
<u,v> = h2 ZZuijvij

i=1 j=1
(2.11)

N M
(2D fugl)? = (< wu>)'?

i=1 j=1

Idin

respectively.

We say that the grid functions {w;;} defined on € UT'}, and vanishing on I'j, satisfy Property A if
they are uniformly bounded and have uniformly bounded backward difference quotients V,u;; and Vu;;
at each mesh point (x;,y;) of @, UT',. The set of all grid functions {u,;} which satisfy Property A is
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denoted by B. Thus, B is the set of grid functions {u;;} for which there exist some positive constants p
and 3 such that

A

lulln < p (2.12)

[Vaui|

IN

ﬁ |V1/’LLU‘ S ﬁ (2.13)

The constant p is independent of h; also the constant § is independent of & but it depends on ||G(u)+s||5.
We assume that the system (2.10) has at least one solution w* in B with |V, uf;| < 8 and [V,uj;| < B.

(See, i.e., 28], where a proof of the existence of such a solution u* of (2.10) in B is given; also a condition
for which u* is unique in B has been obtained)

We wish to compute a solution of the system of nonlinear equations (2.10) with a common iterative
procedure in which the nonlinear diffusion part in (2.10) may be evaluated for the previous iteration.
This approach is called nonlinearity lagging in the diffusivity term.

2.3 Some properties of finite difference operators
In the following we summarize some properties of finite difference operators.
Lemma 1. Let {u;;}, {vi;}, {wi;} be three grid functions defined at the mesh points (z;,y;) of a grid

QUTy, i=0,...,N+1,j=0,...,M + 1 which are zero on I';,. Suppose the coefficients in (2.9), L;;,
R;j, B;; and Tj;, are dependent on the grid function w;;, then,

N
[Lij(uij = wi-1j) = Rij(ivr; — wig)] vig = (2.14)
i=1
T 1
=> [hzd(wia‘)(uij = ui-15)(Vij = Vie1j) | + 350 (WN15)uN;UN;
i=1
and
M
> [Bij(uij — uij—1) = Tij(uijia — uij) vig = (2.15)
j=1

M
1 1
= E |:hQJ(wij)(uij —ui5-1)(Vij — vij—1) | + ﬁa(wiMJrl)uiMUi]V[
j=1
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Proof. We prove fomula (2.14). We have?
N
Z [—Lijui—1j + (Lij + Rij)uij — Rijuivrs] vy =

i=1

D L (uiy — wim1y) = Rij(ar1; — uig)] vig

i=1

[
.MZ

1
{ﬁa(wu)(uz‘j —Uji—1j) — ﬁa(wiﬂj)(uiﬂj — uij) | i

i=1

=l

1
= ﬁa(wlj)(ulj — U0j) V15 — ﬁﬂ(wzj)(uw — u;)vij +

1 1
+ﬁ0(w2j)(u2j — U1;)v2j — ﬁﬂ'(’lﬂ3j)(?,b3j — uzj)v2; +

1 1
+§0(w3j)(u3a‘ — U2j)V3j — ﬁa(w@)(u@ — u3;)v3j + ...
1 1
.+ ﬁg(wN—lj)(UN—lj — UN-—2;)UN—1j — ﬁa('wNj)(UNj —UN-1;)UN-1; +
1
+rgo(wng)(ung — un-1)oN; = 350 (WN+15) (Un+15 = un;)oN;

then, since vy; = 0 for (2.7), the expression on the right hand side becomes
1
720 (W13)(urs = uoj) (Vs — voj) + 5.0 (wa;) (uz; — u1;)(v2; — viy) +

1 1
+y20(wsg)(usj — u2j)(vsj — v2y) + .. + 550 (wny) (un; — un—1)(vn; = vN-15) =

h
1
~ 720 (WN+15) (UN1j — un;)UN;
and by un11; = 0, we have formula (2.14). Similarly, we obtain formula (2.15). i

We remark that from the right hand side of (2.14) and (2.15) we can swap u;; with v;; and we obtain

N
D [Lii(uig = wimy) = Rij(uiaj — uij)] vij =
i=1

Il
.MZ

[Lij(vij — vie13) = Rij(vit1; — vig)] wij

i=1

and

M
> [Bij(uig — wij—1) — Tij(uij1 — uig)] vig =

j=1

-

[Bij(vij — vij—1) — Tij(vij—1 — vij)] uij

j=1

Lemma 2. Let {u;;}, {vi;}, {wi;} be three grid functions defined at the mesh points (z;,y;) of a grid
QpuUly,e=0,..., N+1,7=0,...., M + 1 which are zero on I',.
Then, we have the following expression for the discrete 1?(Q;) inner product of the vectors A(w)u and

v where the n x n matrix A(w) is the one in (2.10), replacing w with w, when © = 0 and «o(z,y) =0 in
(2.6):

< A(w)u,v> = h?

WE

Z a(wij)(vxuzjvxvij + Vyuijvyvij) + (216)

j=1i=1

<
Il

N
o(wn415)unjoN; + Z o (WiM4+1)UinVim

i=1

-

Il
—

4+
J

2For simplicity, we now omit the coordinates = and ¥ in the expression of the function o.
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Proof. Suppose the coefficients in (2.9), L;;, R;;, B;; and T;;, are functions of the grid function w;;, we
have,

M N
<A(w)u,v > = h? Z Z [—Bijuij—1 — Lijui—1; + (Bij + Lsj + Rij + Tij)ui; —

j=1i=1
—Rijuit1; — Tijuiji] vig
M N
= B®Y > [Bij(ug — wij—1) = Lij(usg — wim1j)—
=1 i=1

—Rij(uit1y — wig) — Toij(uijr1 — uig)] v

Using formulae (2.14) and (2.15) and keeping into account of the inner product in l2(£23), we have

M N
1
< A(w)u,’u > = hQZZﬁ [a(wij)(uij —uiflj)(’l)i]' —1)1;1]')-5-

M N
+ E o(WN+15)UN;UNG + E o (WiM+1) Ui ViM
=1 i=1
MY 1 u u v v
ij — Wi—1j Vij — Vi—1j ;2
= R E E — [cr wij) —2 ‘ h™+
L Lo p2 (wis) h h
j=11i=1
Uij — Wij—1 Vij — Vij—1,2
+o(w;; h| +
(1) 12 .
M N
+ > o(wnsij)unjvng + g o (Win+1)WinVin
j=1 i=1

Then we have formula (2.16). i

We remark that while the grid function {u;;} is defined on the entire mesh region Q; UT', the vector
u € R™ represents the grid function {u;;} defined only on the interior mesh points Qp, ¢ = 1,..., N,
j=1,.. M.

Moreover, we observe that formula (2.16) implies

<Awu,v> = <u,Alw)v>

Lemma 3. Let {u;;}, {vi;}, {wi;} be three grid functions defined at the mesh points (z;,y;) of a grid
Qpuly,i=0,...N+1,j=0,..,M + 1 which are zero on I'j.

Let A(u) the matrix n x n in (2.10) and let A(w) the matrix n x n in (2.10) with w replaced by the
vector w, when ¥ = 0 and a(z,y) = 0 in (2.6).

Then, if u, v and w belong to B, we have the following inequality

| < (A(u) — A(w))v,u —v >] < h"AB¢ ZZ [|Vz(uij — Uz‘j)\Z + |Vy(uij — Uij)|2] +

2 e
j=1i=1

N

A
+—u —wlf; (2.17)

where A > 0 is the Lipschitz constant of condition (iii), 8 > 0 is a constant for which |V v;;| < 8 and
|Vyvij| < 8, and ¢ is an arbitrary positive number.
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Proof. By using formula (2.16) in Lemma 2, we can write

<(Au) —Aw)v,u—v> = <Auw)v,u—v>—- < A(w)v,u —v >

= Z Z [hzo‘(uij)(vzvi]‘v@ (Uij - 'Uij) + vyvijvy(uij - Uij))] +

=1 i=1
M N

+ Z o(unt1j)oni(un; — vnjy) + Z o(uwini+1)vim (Uing — Ving) —
j=1 =1
M N
=3 [P (wiy)(Vavi; Vi (wis — vig) + Vi Vy (ui; — vi))] —
=1 i=1

N

M
— ZU(WN+1j)UNj(uNj — UNj) Z o(winr+1)vin (Uing — Ving)

- Z Z [h? (0 (uiz) — o(wi)) (Vavi; Ve (uiy — vig)+

+Z o(un+t1;) — o(wnt15))vns (un; — vnj) +

+ Z(U(uil\/l+l) — o(wini41))vin (wine — Ving)

=1
Now, we have that the term | < (A(u) — A(w))v,u — v > | is equal to the absolute value of the last
expression. Then,

M

| < (A(u) —Aw))v,u —v>| < ZZ W20 (uis) — o (wig)| (| Vavis| - [V (uy — vi) |+

j=11i=1
HVyviz| - [Vy(ui; —vig)|)] + (2.18)
M
+ > lo(uny) = o(wniy)] - [ons] - lung — ong| +
j=1
N
+Z lo(uini+1) — o(wint41)| - |vine| - |wine — vine|
i=1

The assumption (iii) implies that, for a given grid functions {u;;}, {w;;} belonging to Q5 UT', there exists
a positive constant A such that foralli=1,... N+1land j=1,..M +1

lo(uij) — o(wij)| < Aui; — wij| (2.19)

The constant A is independent of h.
Furthermore, Property A assures that there exists a constant 8 > 0 such that inequality (2.13) holds

|Vavij| <8 [Vyvij| < B

foralli=1,..,N+1and j=1,..,M + 1 and all grid function {v;;} belonging to B. The constant [ is

independent of h.
Now, if we apply inqualities (2.19) and (2.13) into the espression in (2.18) we obtain

M N
| < (A(w) = A))v,u—v>| < DS [B2ABuy — wiz| (|Va(uij — vig)| + [V (ui; —vij)))] +
j=1i=1
M
FAD lunt1j — wngl - o] - lung — ol +
j=1
N

FAD Juinipr — winia| - vint| - winr — vins |
=1
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Since the grid functions belonging to B are bounded and are equal to zero at the points of the boundary,
we obtain

M N

| < (A(w) = A))v,u—v>| < K*ABD D [lus; — wis| - |Valuiy — vig) |+

j=11i=1

+ iy — wig| - [Vy (wi; — )]
The last expression can be written

M N

< (A@w) — A@)vu—v>| < KAFSS [Mm(uij—wmw%
j=1i=1 Vo
+ w |V (ui; — vig) |V

Using a well known technical trick, i.e.

1 1
\/%gia—’_ib (L>O,b>0

we have

M N lui; — wij | b

| < (A(u) — Aw))v,u—v>| < h°ABY {% + | Va(ui; — Uij)|2§+
j=1i=1
2
U5 — Wiy
+ 12l 4 19,y — ) (220)

and we obtain formula (2.17). i

As consequence of lemmas 1, 2 and 3 we prove the corollary on the uniform monotonicity of the
mapping F(u). Thus, from Hadamard Theorem ([20]), the nonlinear system (2.10) has a unique solution
(e.g. [33, p. 143]).

The two hypotheses that F(u) is Lipschitz—continuous and uniformly monotone on R™ are sufficient to
prove that a solution of (2.2) exists and is unique; besides, it is possible to construct an iterative procedure
that can guarantee a global convergence to the solution of (2.2) ([27]).

Corollary 1. From lemmas 1, 2, and 3 we have that the mapping F'(u) is uniformly monotone in B.

Proof. Indeed, we prove that, under suitable conditions (i)—(iv), the mapping F'(u) in (2.10), with © = 0
and «a(z,y) =0 in (2.6), is uniformly monotone on B.
By definition of uniformly monotone mapping, we should prove it exists a positive constant  such that

<Fu)—F@w),u—v> > v<u—-v,u—v> (2.21)

From
F(u) — F(v) = A(u)(u —v) + (A(u) — A(v)) v + G(u) — G(v)

we have
<F(u)—Fv),u—v> = <G(u)—Gw),u—v>+ (2.22)
+ < A(u)(u —v),u—v >+
+ < (A(u) — A(v))v,u —v >
We separately examine the three terms of the right hand side of (2.22).

Since ¢ is uniformly monotone respect to ¢, and G(u) is a diagonal mapping, there exists a positive
constant ¢ such that, for all u,v € B,

(Gi(ui) = Gi(v)) - (ws — i) > e(ui —vi)®
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for i = 1,...,n. Thus for the discrete 1?(€;,) inner product (2.11) we have
<Gu)-G)u—v> > c<u-—v,u—v>=c|u—vl}; (2.23)

By using Lemma 2 we can write

M N
<A@)(u—v)u—v> = K> > o(uy)[(Valuiy —vi)* + (Vy(uy —vi))%] +
j=1i=1
M N
+ Z (unv+1;)(un; — UNj)2 + Z o(uinr+1)(uine — UiM)2
j=1 i=1

The assumption (ii) on the the uniform lower boundedness of o respect to the variable ¢ and the positivity
of terms to the square, permits to write

M N
<Aw)(uw-v)u—v> > homn Y Y (IVa(ui; —vij)|* + [Vy(usy —vi))*) +
i=1i=1

M N
+0Omin Z|uNj *ijP +Z|uz‘M 7’UiM|2 (2.24)
— ;
By using Lemma 3 we have
h?ABY o
<A@~ Ao u—v> > LSS (9 (s — vig) P+ 9y (s — )] -
j=1i=1
A
LT (2.25)
¢
By formulae (2.23), (2.25) and (2.24), the formula (2.22) can be written
2 Ap 2
<Fu)-Fw),u—v> > c||ufv||hf?\|ufv||hf (2.26)
/\5¢>

S S (195 = ) + (94 — )] +

Jj=11i1=1

M N
02 omin 0 [V iy = 0i)F o+ [V (s — vi)[*] +

Jj=11i=1
M N
+0min Z lun; — UNj|2 + Z lwing — UiM\z
j=1 i=1

The last two terms of the previous expression are positive, then we can write

< F(uw) - Fo)u—v> > (c—Affmu—vll%

A
+(Gmin — WWZZ [V (i — i) |2 + [V (g — v3)I7]

j=1l1i=1

If we set 5

Jmln

¢ = A3
we have
A262 9
<F(u)—Fv),u—v> > (0—2 —)[u—vll; (2.27)

When A2

ﬁ_ >0 (2.28)
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or AZﬁQ

2C0min

<1 (2.29)
inequality (2.27) shows that the mapping F'(u) is uniformly monotone on B with constant v = ¢ —
(A232)/(20min) in (2.21).

When inequality (2.27) holds, there exists only one solution u* of the system F'(u) =0 in B. Indeed,
suppose that @ is some other solution of F(u) = 0 in B and @ # w*. Then, since the mapping F(u) is
uniformly monotone on B and (2.27) and (2.28) hold, we have

262

2 min

0=<F(u")—-F(a),u" —a>> (c— Nu* —ali >0

which is a contradiction. Hence u* is the only solution of F(u) =0 in B.

For sake of completeness, we show the uniform monotonicity of F(u) also in the cases a(x,y) > 0
and © # 0 for the problem (2.6).

When we suppose a(z,y) > 0 in (2.6), we can write A(u) = A;j(u) + D then it is easy to show that
formula (2.16) in Lemma 2 becomes

M N

< A(w)u, v> = h? Z Z U(wij)(Vzuiijvij + Vyuijvyvij) +

J=1i=1
N

M
+ Z o(Wn1;)un;jUN; + Z o(Wing+1)UinVing +
j=1 i=1

where ﬁij are the diagonal elements of the matrix D as in (2.9), and since
<A (u—v),u—v>—- <AW)(u—v),u—v>=< A (w)(u—v),u—v>—- < A (v)(u—v),u—v>
formula (2.17) in Lemma 3 is unchanged. Furthermore the formula (2.22) becomes
<F(u)-Fw),u—v> = <G(u)-Gw),u—v>-+
+ <A (uw)(u—v),u—v>+
+ < (4A1(u) — A1(v)v,u —v >+
+<Du—-v),u—v>

then, setting amin = ming, ,)cq a(z,y), we have
B M N
< D(u—v),u —v >=h’ ZZ (i, y7) (wij — vij) (Wij — vij) > Qmin|jw — v]|7 (2.30)

thus, formula (2.26) is rewritten as

A
< Fu)-—Fw),u—v> > c||u—v||i+amin\|u—v||i— f”u—v”h_
h2ABp e &
— = 22 [1Valuis = vis) 4 [V (i — vis) ] +

j=11i=1
M N

Fh2omin 3 Y [IVa(uij — vig)[* + [Vy (uig — vig))] +

j=1i=1

M N
+0min Z Z [|UN]' — UNj|2 + |uin — 'UiM|2]
j=11i=1
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Therefore, when

AQ 2
c—|—amin—7ﬁ>0

2U—min

inequality (2.27) becomes
A2ﬁ2

2
u—v
5o vl

<F(u)—Fw),u—v> > (c+ Qmin—

and guarantees the uniform monotonicity of F'(u) in B. } .
When we suppose © # 0 in (2.6), we can write A(u) = A;(u) + A with A a skew-symmetric matrix
(ie. A=—AT).
We denote with A, the symmetric part of A(u) and Ags the skew—symmetric part of A(u), thus
Alu) + A(u)”
2

Since, for all vector w € R™ we have

As = =Ai(u)  As= =A

wl A(uw)w = wl A,w
and for all w,v € B, we have
Au) = A(v) = (A (u) + A) = (A1 (v) + A) = A1 (u) - A1 (v)

then, we otain

<A(u)(u —v),u —v>=< A;(u)(u —v),u —v > (2.31)
and
< (A(u) = A(w))v,u — v >=< (A1(u) — A1 (v))v,u —v > (2.32)
Thus, Lemma 3 holds also for A(u) = A;(u) + A and formula (2.22) and inequality (2.27) with condition
(2.28) guarantee the uniform monotonicity of F'(u) in B. i

2.4 Convergence of the LDFI-procedure

We will now investigate the solvability of the system of nonlinear difference equations (2.10) by applying
the LDFI-procedure.

We will show that under the mild and reasonable restrictions (i)—(iv) imposed on the functions o(x, )
and g(x, @) the problem (2.6)—(2.7) can be solved via a sequence of systems of weakly nonlinear difference
equations where only G but not o depend on the approximate solution u of .

Specifically, if u(*) is an estimate of the solution w* of (2.10), we will determine a new estimate of u* by
solving the weakly nonlinear system (2.3)

F,(u)= Au)u+Gu)—s=0 (2.33)

An approximate solution of the weakly nonlinear system (2.33) is computed by the simplified Newton
Arithmetic Mean method in such a way that its solution w(**1) will be accepted if the residual F,, (u**1))
satisfies the condition

I (@) < 2y (2.34)

where £,41 is a given tolerance such that ¢,,1 — 0 for v — oo. Here, || - || is the Euclidean norm.

If such suitable solution u**1) is found, we say that the algorithm does not break down.

The iterate u(*T1 is the solution of a weakly nonlinear reaction diffusion equation, whose diffusivity o
depends on the preavious iterate u(*), with inhomogeneous term —s — F,, (u(**1).

We assume that all the iterates u(*), v = 0, 1, ..., satisfy Property A.

Thus, in particular, by inequality (2.13), the backward difference quotients of each grid function ug) are
bounded. Since this bound depends on the inhomogeneous term, we have that there exist two constants

B > 0 and [y > 0 such that

Voul” | < B+efo  [Vyuld| < B+enbo (2.35)
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instead of (2.13),i=1,...N+land j=1,..,M + 1.
Let us prove the theorem for the convergence of the LDFI-procedure.

Theorem 1. Let u* be the solution of F(u) = 0 with F(u) = A(u)u + G(u) — s arising from the
discretization of the problem (2.6)—(2.7) subject to the conditions (i)—(iv) and A(w) the irreducibly M-
matrix in (2.10).

Let {u**Y} v =0,1, ..., be the solution of F,(u) = 0 satisfying the condition (2.34) with F,(u) as in
(2.33) and satisfying Property A with (2.35) instead of (2.13).

Then, the sequence {u()} converges to u*.

Proof. First we consider the case of a(x,y) > 0 and ¥ # 0 for the problem (2.6)—(2.7). The solution u*
in B of (2.10) satisfies the equation

Alu ) u* "+ Gu*)—s=0
and the iterate u(*t1) satisfies the equation
Au)u ) L G - F, (u"))—s=0

where the discrete l5(€;,) norm of the residual F, (u**+1) satisfies the inequality (2.34).
Taking into account of the identity

A(u)u — A(w)v = A(u)(u —v) + (A(u) — A(w))v
for all grid functions u, v and w belonging to B, we can write
Al u* + Gu*) — Au)u) — Gu ) = —F, (u D)

as
A (" —u) + (A?) = A)uY + G) - Gu) = —Fu ()

Thus, we have

<A@)(u —uw" ™M) ut — w4 < Gt) - G ut —uT > 4

(2.36)
+ < (A@®) — ANt w —uTY 5= - < P (u@)) ut —u Y >
Using (2.16) and assumption (ii), we can write
M N ) )
<A (w =) ut =l s = B2 ST S o) - (Vs (e — uly ) 4 1V (g -l TY)R) +
j=1li=1

M
v+1),2 +1)2
+ 3 o(ulay) - ludy —uly TV + Z W) - luiny — sV

M N
min D D02 (IVa(ufy = uly )2 + [V, (uf; — uly TV)P)

j=li=1
M
1 1
+0min E ‘“?\13 (V+ )|2 + Z [wing — UEX;_ |2 (2.37)
j=1

Assumption (iv) on g implies that, for all grid functions {u;;} and {v;;} belonging to B, there exists a
positive constant ¢ such that

Y

(Gij(uiz) — Gij(vig)) - (uij — vij) > c(ug; — viz)?

foralli=1,....,N and j

=1,..., M. The constant c is independent of h.
Thus for the discrete 12(Q, )

inner product (2.11) we have the inequality

A

Gu") —Gu"™M) v —u" > > cut —u"Y| (2.38)
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Using Lemma 3 (see formula (2.20) and taking into account of the assumption (iii) and the fact that,

by Property A, the backward difference quotients |V, u (1) | and |V, u( i )| are bounded by inequalities
(2.35), we can write

A(B +ev4180)

M W — a2
2 ( . ¢”| + Ve (uly —uf O | +

+A(ﬁ + 52u+1ﬁo) . (2.39)

N w* 7u(lf)|2 b
S w2 T”wwy(u” uly )2

i=1

| < (A(u") = A@®)u ) ur —ul D > | <

HMZM

M:

Il
=

J

It now follows from (2.36) that

< _FV(U<V+1))7U* _ u(l/+1) > > < A( *)(u* (V+1)) (u+1) > 4
+ < G(’U/*) _ G( (l/+1)) u(u+1) >
—|< (A (u*) Alu (v )))u(u+1)’u* _ D > |

and from (2.37), (2.38) and (2.39) that

M N
Uminzzhz (|Vz(u (u+1))| + |V (ul — E;H))‘ )+

j=1i=1

M
+0min (Z lun; — ’U‘N;rl)l + Z uiar — ulyf VP ) +clju — Y, —
j=1
M N
ﬂ+€u+1ﬁ0 ZZ 27, — (u) )2 —
U 7,]

M N
BB SRS (19 — O + 19, — D) <
j=11i=1

<< —Fu(u("+1)),u* — vt 5 =

= 1P (")) u” =Vl < v u” —

where ¢ is a yet an indetermined positive number.
Choosing

2Umin

= RB+eviifh)

we obtain , 5
wany2 A (B+e+1Bo)” .
lh—————llu" -

o u[|f < eppalfut —u Y, (2.40)

cllu* —u
Since then grid function {uE;H)} belongs to B, we may assume that
[ —uF V[ < 2p
Thus from (2.40) we have the inequality
lu” —w@ V)G <yt — | + agyi (2.41)
where

A2(B+eu41)?

QUminC

and a = 2p/c.
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Now, as observed in [28], if there exists an integer v such that v < 1 for all v > vy, we can write (2.41)
as

m
[ = alo R <t — a4+ ay A ey
k=1

w=1,2 .., and since €, — 0 as v — o0, it follows from the general Toeplitz Lemma ([33, p. 399], [42,
p. 74]) that

lim [u* —u™|?2 =0

Therefore, the sequence {u(V)} of approximate solutions converges to the solution u* of the system (2.10).

For sake of completeness, it easy to show that we have the convergence of {u(”)} to the solution w*
of the system (2.10) also in the cases a(x,y) > 0 and ¥ # 0 for the problem (2.6)—(2.7).
Indeed, since for A(u) = A;(u) + A + D formulae (2.31) and (2.32) hold, formula (2.36) becomes

< Al(u*)(u* _ u(u+1))7u* _ u(u+1) >4 < D('U,* _ u(V+1))7u* _ u(l/+1) >+
+ < Gu*) — Gu D) — T > 4 < (A (u*) — A (™) e — D) =

= — < F,(u"t)) u* — ) >

Since (2.30) then, at the left hand side of inequality (2.40) we have to add the term cupin|lu* — u®|?
and in (2.41) the parameter v becomes

_ A2(6 + €I/+1ﬁ0)2

2o'minO‘minC

2.5 Solution of the weakly nonlinear system

In order to define the inner iterative solver for the nonlinear system (2.3) (or (2.33)), setting w(® = u®),
the simplified-Newton method finds the solution Aw*) of

C,Aw = —F,(w®) (2.42)

for k = 0,1, ..., where the matrix C, is the Jacobian matrix of F, evaluated at the point w(®, i.e.,
C, = F'(w®) = F/(u™) and

wF D = w® 4 Aw® (2.43)

Denoting with G’(u) the Jacobian matrix of G(u) that has expression

St (ur)

eledy Us
G (u) = ouz (12)

Goz (un)

and taking into account the expression of 0, = A(u))+G’(w®) = A(u®))+G’(u®)) and the expression
of F,(w™), formulae (2.42)-(2.43) are rewritten in such a way that the vector w**1 is the solution of
the linear system

Cow =G (uw® — Gw™) + s (2.44)

for k=0,1,....
The system (2.44) is solved by the block version of the Arithmetic Mean (AM) method introduced in

([14]).
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We consider the following decomposition of the matrix

Cu(u(”)) Clg(u(”))
Czl(u(”>) ng(u(”>) 023(u<”))

CMMA(u(")) O]V[M(U(V))

into the two splittings
C, = Hi(u) — K;(u)) = Hy(u™) — Ky(u™) (2.46)

where, if M is even

Cu(u(")) Clg(u(”))
C’21(u(”)) CQQ(u("))
033(u<">) 034(u(1/))
Hi(u®) = Caz(u™))  Caa(ul)

Crr—im—1(u®)  Ca—ip(u®)
Crrm—1(u) Crrnm (u®))

and, consequently
Kl(u(”)) = Hl(u(”)) -C,

C11(u(V))
022(u<v)) 023(u<v>)
Cs2(u))  Csz(u)
H2(u(1/)):
Crr—am—2(u®)  Car—anr—1(u))

Cr—im—2(u®)  Car—1a—1(u®)
Crrnm (u))
and
Kg(u(”)) = Hg(u(”)) -C,

If M is odd, we can proceed in a similar way.

The matrices H;(u®)) and Hy(u")) are diagonally dominant and have diagonal positive entries and
nonpositive off-diagonal entries; K;(u*)) and Ky(u®)) are two nonnegative matrices, for all u), v =
0,1,2, ...

Thus, the simplified Newton-Arithmetic Mean method can be formulated as follows:

choose the initial guess w® =4 p>0
for k=0,1,..., until the convergence do

2y = w®

for j=1,2,...,5kdo
‘ (2.47)
(Hi(w™) + pl)z1 = (K1 (u™) + pD)z{ "V + (¢"(u)w® - G(w™) + s)

(Ha(u®) + pI)z2 = (K2 (u®) + p)z{ ™" + (G' () w™® - G(w ™) + 5)

w*tD = zijk)

The iteration defined by the loop over k will terminate when
1P, (w™ )| < ey

(see formula (2.4)).
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Then, w1 = wk+D),
Here, {jr} denotes a sequence of positive integers. The loop over j denotes the Arithmetic-Mean (AM)
method.

The description of the implementation and an evaluation of the effective performance of the Arithmetic
Mean method on different parallel architectures are reported in the papers [14], [15], [16], [18], [19].
From hypotheses (i)—(iv), for any vector w and u(*), the following Standard Assumptions are satisfied:

e A(u™) is a block tridiagonal matrix of order n for any iterate u(*).
The diagonal blocks are square (although not necessarily all of the same order) tridiagonal subma-

trices, and the off-diagonal blocks are diagonal submatrices.

e The matrix A(u(")) is irreducibly diagonally dominant and has positive diagonal entries and non-
positive off-diagonal entries for all the mesh spacings sufficiently small and for all the iterates
) n
u'”) e R™.

e G(u) is a continuously differentiable diagonal mapping on R™ with G’(u) > 0 for all u € R™.

Thus, A(u®) is an irreducible nonsingular M-matrix and F/,(u) = A(u®)+ G’ (u) is also an irreducible
M-matrix with F/(u)™' < A(u))~! for all u € R™ and for all the iterates u(*) (see, e.g., [32, p. 109]).

We report a general result on the convergence of the simplified Newton—Arithmetic Mean method when
the Standard Assumptions are satisfied.
First we should define the matrix (p > 0)

1
M = S (@) 4 pI) ™+ (Hy(u®) + p1) ) (2.48)
and the iteration matrix
H, = S[(E (@) 4+ pI) ™ (Ka(u®) + pI) + (Ha(u®) + pI) ™ (Ko () + p1)] (2.49)

and we observe that H, = I — M;'C,.

Theorem 2. Suppose the system (2.3) F,(u) = 0 has a solution & € R™; assume that Standard
Assumptions hold for u € R™ (or in an open neighbourhood K of @) and that (2.46), i.e.,

CV = Hl(u(”)) — Kl(u(”)) = HQ('U:(V)) — KQ(U(V))

are two splittings of the matrix C, = F/(u®), u*) € R™ (or u*) € K), with the matrix H, in (2.49)
convergent.

Then, for any jr > 1, the solution @ is an attraction point of the simplified Newton—Arithmetic Mean
iteration {w®} defined in (2.47).

Proof. The Standard Assumptions assure that the Jacobian matrix F,(u) is continuous and nonsingular
and a monotone matrix in R” (or in K); in particular C, is a monotone matrix, C;;! > 0, and H; (u®)) —
Ki(u®) and Hy(u)) — Ky(u®)) are two weak regular splittings of C,.
Thus, the matrices M, ! and H, of (2.48) and (2.49) are nonnegative and H, is a convergent matrix,
p(H,) <1 (31)).
Then, from the identity

Jr—1

(N HI)(I—H,) =1 H}

j=0
it is possible to write the simplified Newton—Arithmetic Mean iteration (2.47) as

Je—1

wFTD — (k) _ (Z H)M;YE, (w®)
7=0

that is a generalized linear iteration and the proof runs as the one of 10.3.1 in [33, p. 321]. i

Results on the convergence and an evaluation of the effective performance of the Newton-AM method
and of the simplified (or modified) Newton-AM method are reported in the papers [9], [10], [11], [12],
[13].
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2.6 Numerical studies

In this section we consider a numerical experimentation of the LDFI method for the solution on a
rectangular domain of the model problem (2.6) with homogeneous Dirichlet boundary conditions (2.7)
and with nonhomogeneous Dirichlet boundary conditions

(@) =Uy(z) =xel (2.50)

Different functions for the nonlinearity factors o(x, ¢) and g(x, ¢) and for a(x) have been considered.
The source function s(x) is chosen in order to satisfy a prespecified exact solution u* = ¢(z;,y;) of the
nonlinear system (2.2),i=1,...,N, j = 1,..., M or a prespecified exact solution ¢(z,y) of the differential
problem (2.6); different choices for ¢(x,y) are examined.

In the following we list the involved functions and how they are referred. The functions o are dependent
on ¢ and are:

ol : o(p)=1
2
¥ -2
2 = 1
o2 o= oy T
03 o) =*+ 1071
1
cd : o
(?) cosh? (i)

agd  o(p :<,01/2—|—10_2

o6 : o(p :<,01/3—|—10_2
071 : o(p)=0.024+0.5¢

o8 : o(p

()
()
()
o7y o(p)=0.5(1+¢)
(%)
()

09 : oy

gl glp) =¢*
gla : g(p) = 10057
gls : g(p) = —0.5¢”
¥
21
1000,
29 =
93 1 g(p) = —(0.4 - p)e 1/ 0+2D
A gle) = 0.02¢?
B+
g51 : g(p) =0.0050log(1+ )
952 g

(¢)

(¢)

(¢)

() = 5plog(1 + )

953+ g(p) =500¢log(l + ¢)

954+ g(p) =80plog(l + )
g6 : g(p) = —p2-9)

Furthermore, we indicate as g0 the null function g = 0.
We observe that

for g1y, gla: ¢ >0, ¢’ > 0 and ¢g” > 0 for any value of ¢;
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for g2 (k=1,2): ¢ >0 and ¢’ > 0 when ¢ > 0;
for g3: ¢ >0, ¢’ >0 and ¢” > 0 when ¢ > 0.4;
for g4 and ¢g5; (k=1,4): ¢ >0, ¢ >0 and g’ > 0 when ¢ > 0;

and then, for the functions gli, gls, g21, 922, g4 and g5k, (k = 1,...,4), the Standard Assumption on g
is satisfied for ¢ > 0.

The chosen functions «(x) are the null function or:

al @ a(r,y)=c@®*+y)  with ¢ = 10,100, 1000

a2 : alz,y) = cﬁ ~=10 £=10"% and with ¢ = 1,10, 100, 1000
et+xr+y

Now we list the different functions for the exact solution.

el = p(ry) =(@—a)(y—a)b-z)(b-y) (2> +y) a=0 b=1
QUL =10,1] x [0,1]

Set
p(€) = &% log®(¢) q(€) = (2 — 5)&log2(27§)
and
p(x)-ply) O<z<l 0<y<l
qgz)-ply) 1<zx<2 0<y<l
) op@)-qly) 0<z<1  1<y<?
Plov) = qx)-qly) 1<z<2 1<y<?2 (2.51)
0 0<z<2 y=0,y=2
0 r=02=2 0<y<2
then
021 @(x,y) asin (2.51); a =100
QUT = [0,2] x [0,2]
02 @(x,y) asin (2.51); & = 0.05
QUT = [0,2] x [0,
©23 : @(z,y) asin (2.51); & =0.005
QUT =[0,2] x [0,2)
Set
~ 2 ~ 2 _
p&) =€ @ () =2-9F O () =—(-1)°+1
and
p(x) -rly) O0<z<l  0<y<2
) oqx)r(y) 1<z<2  0<y<2
0 r=0zx=2 0<y<L2
then

031 : p(x,y) asin (2.52); & =100
QuUT =10,2] x [0,2]

@32 1 p(r,y) asin (252); & =0.05
QUT =10,2] x [0,2]
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Furthermore we have
pd : plz,y) =(1+z—y)’
QUT = [0,1] x [0, 1]
05 ¢ pz,y) = (8/m)e S
QUT = [~1,1] x [-1,1]

@6 plzy) = g <COS(§(y -1))+ g) / ((1 + %74)2> 8@+

QUT = [-30, 1] x [-30, —1]
07 p(z,y) = (6
QUT = [—13,13] x [~13,13]

8 : p(x,y) = sin(nrz) sin(my)
QuUT =10,1] x [0,1]

M

—<m—3)24—(y—3>2 2 _y

J
+e 7 10 —

1
5
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o= (@52~ (y=8) n %ew)

We notice that the functions ¢1, v21, ©29, ©23, P31, P32 and 8 are equal to zero at the points of the

boundary T'.

In the case of nonhomogeneous boundary conditions (2.50) the system (2.3) (or (2.33)) becomes

F,(u)= Au™)u+b+G(u)—s=0

where the vector b depends on the current vector u(*) and is

—(B11 + Bn)UO(ILyQ) — (L1 + E11)U0(Io7y1)
—(Ba1 + B21)Uo (22, yo)

—(Bn-11+ By_11)Uo(zN_1,90)
—(Bn1+ By1)Uo(zn, yo) — (Bv1 + By1)Uo(zn+1,91)

—(L12 + L12)Uo (o, y2)
0

0
—(Rn2 + Ry2)Uo(zn41,92)

—(Lia—1 + Line—1)Uo(zo, yar—1)
0

0
—(Bnm—1+ Byam—1)Uo(en11,ym—1)
—(Tin + Tia)Uo(21, yng41) — (Lanve + Lana)Uo(wo, yar)
—(Tent + Torm)Uo(2, Y +1)

—(Tn—am 4 Tn 1) Uo(@n -1, yn41)
—(Innm +Tnar)Uo(xn, ym+1) — (R + Byva)Uo(eN 41, Ynr)

where the terms Bija Lija Rij7 Tij and Bij; Lj, Rij7 Tij are as in (29) with Uoj, UN+1j55 Ui0 and Ui M+1
equal to Uy(zo,y;), Uo(xn+1,Y5), Uo(2s, yo) and Up(xs, yary1) respectively, i =1,...,N, j=1,..., M.
The LDFI-procedure has been implemented in a Fortran code with machine precision 2.2 x 10716,

In the experiments, we consider as stopping criterium for LDFI-procedure the satisfaction of both the

inequalities (2.5) D @)
uVT —u\W <7y

and
| F(u )| < n
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with 7 = 79 = 1075.
The approximate solution computed, at each iteration of LDFI-procedure, by the simplified Newton
method satisfies the stopping rule

1F, (u )] < ey

with e, = 0.1 - [|F(u®)| and ,,1 = min{0.5-¢,,e}, v = 1,2, .... The threshold ¢ is chosen 10~%, 103
or 1072,

The starting vector of the LDFI-procedure (%) is the vector whose all components are equal to 1.

In all the experiments we have N = M.

In the tables, it indicates the number of iterations of the LDFI-procedure. The number ktot, the sum of
the simplified Newton method’s iterations, is expressed in brackets.

Here err denotes the computed relative error in the Euclidean norm, i.e.

err = J|u™ —u*/u’]
with res and res0 we indicate the residual and the initial residual in the Euclidean norm:
res=[[F!™)|  reso= | F(u®)]
and diff indicates the last difference of iterations
diff = [ul?® —u0)]

The term 7.02(—10) indicates 7.02 - 10710,
We indicate with j, the number of iterations of the Arithmetic Mean method for the solution of the
system (2.44)

C,w=20b,

with b, = G'(u")w®) — G(w™) + s, that occurs at each iteration k of the simplified Newton method.
Furthermore, we denote as jtot the sum of the iterations of the Arithmetic Mean method in the LDFI-
procedure.

When we include the discretization error, i.e., the source term is computed prespecifying the exact solution
©(x) of the differential problem (2.6), the relative errors on the solution err for the cases in Table 2.5
referred to ¢l and p8 become 8.64(—5) and 4.68(—5) respectively.

Let us solve the weakly nonlinear system (2.10) where o(p) = o1 with the simplified Newton—-AM method
(with 20 iterations for the inner AM procedure)® with the stopping criterium

IF (w* D) = [ Fo(w™ V)| < 70 + 7| F(w®))] (2.53)

where 7, and 7. are prefixed absolute and relative error tolerances equal to 0.5 - 107! in order to have,
at the final simplified Newton iteration, a residual || F(w®*+)| approximately equal to 9.99 - 1076 as in
Table 2.7. In this case we obtain 3080 simplified Newton method’s iterations with the relative error err
=4.06 - 1079, the residual res = 1.05- 107> and the initial residual res0 = 2.1 - 10,

From the numerical experiments the following conclusions can be drawn:

e from tables 2.1-2.3, we can observe that when the values of the function o(p) increase (09 has
larger values than o7bis and o8 for ¢ € [0,1]), then the total number of the simplified Newton
iterations increases;

e from tables 2.1-2.4, we observe that when the values of the function g(¢) are rapidly increasing for
0 < ¢ < 1 or the values of the function a(z,y) are large, then the diagonal of the matrix C,, becomes
more dominant; it implies a reduction of the total number of the simplified Newton iterations;

3].e., we consider only one iteration of the LDFI procedure.
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e from tables 2.1-2.3, we remark that there is no an appreciable reduction of the total number of the

simplified Newton iterations when we solve the weakly nonlinear system with a greater precision
than that imposed on the LDFI-procedure. Thus, the first and the second iteration levels should
have approximately the same precision on the stopping criterium;

from tables 2.9-2.11, we remark that the LDFI-procedure combined with the simplified Newton—
AM method gives better results (in terms of total number of Newton iterations and of the number
of LDFI-procedure iterations) when the coefficients of ¥ increase, i.e., when the deviation from
asymmetry* of the matrix C, increases. This is a peculiar feature of the Arithmetic Mean linear
solver ([37], [14]) especially when it is implemented as inner solver in a two iteration levels procedure,
such as the Newton—AM method ([11], [13]).

In the case of three iteration levels LDFI-procedure, the Arithmetic Mean method as inner solver
involves a reduction of the total number of the simplified Newton iterations and an appreciable
reduction of the number of the LDFI-procedure iterations when the number j; of the AM method
iteration has been conveniently chosen.

N =256; o(¢) = 071; p(x) = ¢8; a(x,y) = 0; 01 = 02 = 10; jr = 20;

e=10"
g(p) it(ktot) err res res( diff
g0 35 (345) 1.35(-9) 8.08(-6) 8.07(5) 1.53(-8)
gla 34(201) 7.02(-10) 8.91(-6) 8.08(5) 8.58(-8)
gls  35(349)  1.49(-9) 8.43(-6) 8.07(5) 1.59(-8)
92> 34 (300) 9.47(-10) 9.38(-6) 8.09(5) 1.07(-7)
g5 35(327) 1.37(-9) 858(-6) 8.07(5) 1.60(-8)
955  34(59)  1.14(-10) T.03(-6) 8.18(5) 1.72(-8)
g5, 34 (194) 851(-10) 9.58(-6) 8.08(5) 8.18(-8)
£= 1073
9(p) it(ktot) err res res( diff
g0 85 (345)  L157(-9) 9.40(-6) 8.07(5) 1.73(-8)
gla 63 (201) 7.65(-10) 9.43(-6) 8.08(5) 1.38(-8)
gls 85 (349)  1.66(-9) 9.85(-6) 8.07(5) 1.82(-8)
922 80(301) 9.75(-10) 9.65(-6) 8.09(5) 1.17(-8)
g5 82(327)  1.59(-9) 9.97(-6) 8.07(5) 1.84(-8)
g5s 40 (59)  1.15(-10) 7.11(-6) 8.18(5) 7.02(-9)
g5, 62 (195) 8.10(-10) 8.71(-6) 8.08(5) 1.53(-8)
e=10"2
glp)  at(ktot) err res res0 diff

g0 108 (345) 1.63(-9) 9.77(-6) (5) (-8)
gla 76 (201)  7.90(-10) 9.73(-6) (5) (-8)
gls 109 (350) 1.59(-9)  9.43(-6) (5) (-8)
g2, 102 (302) 9.21(-10) 9.15(-6) 8.09(5) 1.11(-8)
g52 104 (328)  1.51(-9)  9.49(-6) (5) (-8)
gbs 42 (59)  1.16(-10) 7.14(-6) (5) (-9)
g5y 75 (195)  8.38(-10) 9.01(-6) (5) (-8)

Table 2.1: Results for different functions g(¢) and different value of e: o(p) = o7;.

4We define the deviation from asymmetry of a matrix A as the difference between the Frobenius norm of the symmetric

and the skew—symmetric parts of A ([11]).
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N = 256; o(p) = 08; p(x) = ¢8; a(z,y) = 0; U1 = T2 = 10; j = 20;

e=10""
g(e)  it(ktot) err res res0 diff
g0 34 (304) 1.76(-9) 9.02(-6) 8.07(5) 1.80(-7)
gla 34 (174) 7.60(-10) 9.40(-6) 8.08(5) 8.10(-8)
gls  34(308) 1.80(-9) 9.09(-6) 8.07(5) 1.82(-7)
92 34(266) L.11(-9) 9.49(-6) 8.09(5) 9.85(-8)
g5 34(288) 1.63(-9) 8.85(-6) 8.07(5) 2.11(-7)
g5s 34 (51) 9.48(-11) 6.99(-6) 8.18(5) 1.75(-8)
g5: 34 (167) T7.88(-10) 8.95(-6) 8.08(5) 8.87(-8)

£ = 1073
gle)  at(ktot) err res res( diff
g0 77 (305) 1.87(-9) 9.70(-6) 8.07(5) 2.39(-8)
gla 60 (175) 7.20(-10) 9.02(-6) 8.08(5) 1.46(-8)
gls  77(309) 1.93(-9) 9.83(-6) 8.07(5) 2.44(-8)
g2:  T4(268) 1.06(-9) 9.10(-6) 8.09(5) 1.43(-8)
g5 75(289) L.70(-9) 9.35(-6) 8.07(5) 2.26(-8)
g5s 38 (51) 9.63(-11) T.13(-6) 8.18(5) 6.94(-9)
952 58 (167) 8.63(-10) 9.94(-6) 8.08(5) 1.84(-8)

e=10"2
g(e)  at(ktot) err res res0 diff
g0 97 (306) 1.77(-9) 9.10(-6) 8.07(5) 2.29(-8)
gla  71(175) T7.45(-10) 9.34(-6) 8.08(5) 1.52(-8)
gls 98 (310) 1.82(-9) 9.30(-6) 8.07(5) 2.33(-8)
92> 92 (268) 1.09(-9) 9.45(-6) 8.09(5) 1.51(-8)
g5 94 (280) L77(-9) 9.73(-6) 8.07(5) 2.38(-8)
g5s 40 (51) 9.72(-11) T7.20(-6) 8.18(5) 7.01(-9)
g5. 69 (168) T7.64(-10) 8.79(-6) 8.08(5) 1.64(-8)

Table 2.2: Results for different functions g(¢) and different value of &: o(p) = 8.
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N = 256; o(p) = 09;

w(x) = ¢8; a(x,y) = 0; 91 = B2 = 10; jp = 20;

e=10""°
() it(ktot) err res resQ diff
g0 47 (3502) 9.94(-10) 9.93(-6) 7.47(7) 1.09(-9)
gla 44 (1578)  4.77(-10) 9.97(-6) 7.47(7) 1.03(-9)
gls 47 (3573)  1.01(-9) 9.94(-6) 7.47(7) 1.09(-9)
92> 45 (2660) 8.25(-10) 9.95(-6) 7.47(7) 1.12(-9)
g5 46 (3214)  9.27(-10) 9.92(-6) 7.47(7) 1.09(-9)
g5s 43 (579)  1.20(-10) 9.59(-6) 7.48(7)  6.94(-10)
g5s 44 (1550)  4.56(-10) 9.95(-6) 7.47(7) 1.01(-9)
5 1073
g() it(ktot) err res res() diff
g0 607 (3274) 1.01(-9) 9.97(-6) 7.47(7) 1.05(-9)
glo 326 (1526) 4.68(-10) 9.87(-6) 7.47(7)  9.60(-10)
gls 615 (3337) 1.03(-9) 9.97(-6) 7.47(7) 1.05(-9)
g2: 499 (2530) 8.28(-10) 9.92(-6) 7.47(7) 1.06(-9)
952 570 (3019) 9.44(-10) 9.98(-6) 7.47(7) 1.04(-9)
g5s 147 (569) 1.15(-10) 9.64(-6) 7.48(7)  6.29(-10)
g5s 320 (1498) 4.94(-10) 9.92(-6) 7.47(7) 9.41(-10)
e=1072
g() it(ktot) err res res0 diff
g0 890 (3162) L.0OL(-9) 9.99(-6) 7.47(7) 1.05(-9)
gl 468 (1500) 4.69(-10) 9.87(-6) 7.47(7)  9.62(-10)
gls 904 (3221)  1.03(-9) 9.96(-6) 7.47(7) 1.05(-9)
92> 728 (2466) 8.28(-10) 9.90(-6) 7.47(7) 1.05(-9)
952 836 (2924) 9.41(-10) 9.94(-6) 7.47(7) 1.04(-9)
g5s 199 (564) 1.15(-10) 9.65(-6) 7.48(7)  6.29(-10)
954 459 (1472)  4.52(-10) 9.93(-6) 7.47(7)  9.44(-10)

Table 2.3: Results for different functions g(¢) and different value of &: o(p)

o(p) = 0T2; g(p) = gb2; p(x) = ¥8; B1 = Ty = 100; jr = 20;

a(x) c it(ktot) err res res( daiff
0 33 (62) 1.21(-11) 3.26(-6) 1.84(6) 3.38(-9)
al 10 32(60) 3.72(-11) 9.68(-6) 1.84(6) 9.76(-9)

100 31(57) 1.32(-11) 3.49(-6) 1.84(6) 3.53(-9)

1000 27 (42) 1.53(-11) 4.98(-6) 1.87(6) 5.43(-9)

a2 1 32(59) 3.70(-11) 9.69(-6) 1.88(6) 9.80(-9)
10 29 (49) 211(-11) 5.15(-6) 2.86(6) 4.98(-9)

100 29 (32) 1.86(-11) 6.77(-6) 1.94(7) 9.06(-9)

1000 12 (12) 1.81(-12) 1.20(-6) 1.90(8) 3.38(-9)

Table 2.4: Results for different functions a(x).

CHAPTER 2.
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N = 256; o(¢) = 072; g(p) = g51; a(x,y) = 0; 5100 = 92 = 100; j, = 20;

Homogeneous boundary conditions;

p(x)  dt(ktot) err res res0
ol 21 (46) 4.18(-11) 1.59(-6) 1.84(6)
021 13 (26)  8.22(-12) 5.09(-7) 5.22(5)
@22 21 (34)  3.00(-11) 7.28(-6) 5.26(5)
023 26 (37)  4.14(-12)  9.05(-6) 3.17(5)
©31 15 (28)  257(-11)  3.17(-6) 5.23(5)
©32 19 (32)  4.47(-11) 8.48(-6) 5.22(5)
©8  33(62) 1.29(-11) 3.48(-6) 1.84(6)

N =256; 0(p) = 0T2; g(p) = g51; a(z,y) = 0; 01 = 02 = 1; ji = 20
Nonhomogeneous boundary conditions;

»(x) it(ktot) err res res(

o1 36 (3016) 1.91(-8) 6) )
©5  34(2234) 1.49(-8) (-6) (5)
6 29 (184)  6.50(-8)  8.21(-6) 1.17(4)
o7 27 (178)  3.42(-7) (-6) (3)

Table 2.5: Results for different functions ¢(x).

N = 256; o(p) = 072; g(p) = g52; a(x,y) = 0; 01 = D2 = 100; jr = 20;

p(x) at(ktot) err res res0 diff

ol 21 (46) 4.14(-11) 1.58(-6) 1.84(6) 2.89(-9)
@21 13(26) 5.32(-12) 3.95(-7) 5.22(5) 4.34(-8)
©2, 20 (33) 3.50(-11) T7.14(-6) 5.26(5) 2.54(-8)
025 26 (37) 3.57(-12) T7.88(-6) 3.17(5) 1.22(-8)
031 15(28) 245(-11) 3.03(-6) 5.23(5) 5.83(-8)
@3 19(32) 5.23(-12) 1.28(-6) 5.22(5) 9.47(-9)
8 33(62) 1.21(-11) 3.26(-6) 1.84(6) 3.38(-9)

Table 2.6: Results for different functions ¢(x).

N = 256; g(p) = g51; p(x) = ©8; a(xr,y) = 0; 01 = V2 = 1; jr = 20;

o(p) it(ktot} err res res0
o1 36 (3080) 3.84(-9) 9.99(-6) 2.12(6)
o2 36 (1760) 7.33(-9) 8.09(-6) 7.62(5)
o3 35 (1856) 5.66(-9) 9.31(-6) 1.65(6)
o4 39 (3282) 6.25(-9) 9.97(-6) 1.62(6)
o5 39 (2705) 3.62(-9) 8.47(-6) 1.51(6)
o6 39 (2962) 3.98(-9) 8.29(-6) 1.51(6)
oTr 36 (1761) 3.53(-9) 7.18(-6) 7.82(5)
o7y 35 (2785) 3.72(-9) 8.51(-6) 1.67(6)
o8 34 (1458) 1.11(-8) 2.32(-6) 7.82(5)
00 47 (4846) 1.55(-9) 9.99(-6) 7.48(7)

Table 2.7: Results for different functions o(y).
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o(p) = 0T2; p(x) = ¢8; a(z,y) = 0; 1 = U2 = 0; jr = 20;

g(¥) = g5
N it(ktot) err res res0 diff
32 31 (38) 4.27(-9)  4.80(-6) 4.63(3) 1.27(-7)
64 35 (333)  2.96(-8) 9.17(-6) 2.51(4) 1.64(-7)
128 33 (425)  1.03(-8) 9.00(-6) 1.39(5) 5.66(-8)
256 35 (1866) 4.48(-9) 9.52(-6) 7.79(5) 2.00(-8)

9(p) = g52
N it(ktot) err res res0 diff
32 27 (34)  2.26(8) 8.44(-6) 1.00(4) 6.79(7)
64 30 (138) 1.17(-8) 8.15(-6) 5.42(4) 3.46(-7)
128 33 (560) 6.95(-9) 9.42(-6) 2.99(5) 9.49(-8)
956 35 (2318) 3.14(-9) 8.67(-6) 1.67(6) 3.78(-7)
512 38 (9510) 1.78(-9) 9.61(-6) 9.43(6) 9.33(-8)

Table 2.8: Results for different values of N.

N = 256, o(p) = 072 g(p) = g51; @(x) = 925 a(z,y) = 0; jk = 20;
0] it(ktot) err res res0 diff

(0,007 34 (2266) 8.12(-9) 9.83(-6) 2.84(5) 1.19(-8)
(LT 34 (2093)  7.39(-9) 9.84(-6) 2.84(5)  1.19(-8)
(10,10)7 33 (384)  7.56(-10) 9.94(-6) 2.87(5)  5.39(-8)
(50,50)7 33 (73)  4.45(-11) 6.55(-6) 2.98(5)  1.14(-8)
(100,007 28 (42)  7.77(-12) 5.38(-6) 3.01(5)  8.65(-9)
(0,100)7 28 (43)  2.03(-12) 2.09(-6) 3.01(5)  3.19(-9)
(100,50)7 28 (41)  2.04(-11) 9.28(-6) 3.08(5)  1.60(-8)
(50,100)7 27 (42)  8.36(-12) 7.94(-6) 3.08(5)  1.28(-8)
(100,100)7 26 (37)  4.14(-12) 9.05(-6) 3.17(5)  1.41(-8)
(150,150)7 22 (28)  3.41(-12) 3.64(-6) 3.40(5)  6.71(-9)

Table 2.9: Results for different values of v.

N =256, a(p) = 072; g(p) = g52; p(x) = ¥8; alx,y) = 0; jr = 20;

] it(ktot) err res resQ diff
0,007 35 (2318)  3.14(-9) 8.67(-6) 1.67(6) 3.78(-7)
(1,17 35(2269) 3.10(-9) 8.75(-6) 1.67(6) 3.65(-7)
(5,57 35 (1552) 2.15(-9) 9.20(-6) 1.68(6) 2.60(-7)

(10,107 35 (849)  1.18(-9) 9.61(-6) 1.69(6) 1.45(-7)
(50,50)T 35 (126) 1.13(-10) 9.88(-6) 1.75(6) 6.79(-9)
(100,0)7 35 (79)  3.28(-11) 5.65(-6) 1.76(6) 4.24(-9)
(0,100)7 35 (78)  3.34(-11) 5.94(-6) 1.76(6)  4.46(-9)
(100,50)7 35 (74)  2.92(-11) 5.54(-6) 1.79(6)  4.65(-9)
(50,100)7 34 (74)  4.24(-11) 8.29(-6) 1.79(6)  6.98(-9)
(100,100)7 33 (62)  1.21(-11) 3.26(-6) 1.84(6) 3.38(-9)
(150,150)" 23 (41)  1.43(-11) 7.55(-6) 1.95(6) 1.31(-8)

Table 2.10: Results for different values of v.



2.6.

NUMERICAL STUDIES

N =256, a(p) = aT2; g(p) = g52; p(x) = ¢8; a(z,y) =0;

v jk:1 jk:5 jk:10 jk:20 jk:k-i-l jk:V+1
(0,007 35 (46353) 35 (9271) 35 (4636) 35 (2318) 35 (1667) 35 (2595)
46353 46355 46360 46360 46411 46348
3.15(-9)  3.15(-9)  3.14(-9)  3.14(-9)  3.08(-9)  3.16(-9)
(5,57 35(31033) 35(6207) 35 (3104) 35 (1552) 35 (1372) 35 (1870)
31033 31035 31040 31040 31031 31037
2.16(—9) 2.15(—9) 2.15(—9) 2.15(—9) 2.16(—9) 2.15(—9)
(10,10)7 35 (16978) 35 (3396) 35 (1698) 35 (849) 35 (1018) 35 (1172)
16978 16980 16980 16980 17003 16988
1.19(—9) 1.18(—9) 1.18(—9) 1.18(—9) 1.15(—9) 1.17(—9)
(50,50)7 36 (2533) 35 (507) 35 (254) 35 (126)  35(369) 35 (326)
2533 2535 2540 2520 2553 2543
1.13(—10) 1.09(—10) 1.08(—10) 1.13(—10) 1.07(—10) 9.07(—11)
(100,50)T 36 (1465) 36 (294) 36 (148) 35 (74) 35 (272) 32 (235)
1465 1470 1480 1480 1471 1486
5.13(—11) 4.50(—11) 3.57(—11) 2.92(—11) 4.57(—11) 2.21(—11)
(507 IOO)T 36 (1463) 35 (293) 35 (147) 34 (74) 35 (271) 32 (237)
1463 1465 1470 1480 1468 1476
5.06(—11) 4.88(—11) 4.72(—11) 4.24(—11) 4.25(—11) 3.08(—11)
(1007 100)T 36 (1213) 35 (243) 36 (122) 33 (62) 35 (239) 30 (218)
1213 1215 1220 1240 1218 1226
3.78(-11) 3,46(-11) 2.31(-11) 1.21(-11) 3.59(-11) 1.78(-11)
(150,150)7 36 (808) 36 (162) 33 (82) 23 (41)  35(186) 26 (184)
808 810 820 820 807 811
1.99(—11) 1.35(-11) 1.04(-11) 1.43(-11) 1.75(-11) 1.95(-11)

Table 2.11: In a column are: it(ktot), jtot and err for different values of jj.
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